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PREFACE. 



Although Algebra naturally follows Arithmetic in 
a course of scientific studies, yet the change from the 
methods of reasoning on numbers to a system of rea- 
soning entirely conducted by letters and signs, is rather 
abrupt and not unfrequently discourages the pupil. 

In this work, it has been the intention, to form a 
connecting link between Arithmetic and Algebra, to 
unite and blend, as fitr as possible, the reasoning on 
numbers with the more abstruse methods of analysis. 

The Algebra of M. Bourdon has been closely follow- 
ed. Indeed, it has been a part of the plan, to furnish 
an miroduction to that admirable treatise, which is 
justly considered, both in Europe and this cou*»try, as 
the best work on the subject of which it treats, that 
has yet appeared. The work of Bourdon, however, 
even in its abridged form, is too voluminous for schools, 
and the reasoning is too elaborate and metaphysical 
for beginners. 

It has been thought that a work which should so far 
modify the system of M. Bourdon as to bring it within 
the scope of our common schools, by giving to it a 
more practical and tangible form, could not fail to be 
iwefuL Such is the ^bject of the Elkmentaky 
Algebra. 



The success which has attended this eflTort, so to 
simplify the subject of Algebra as to bring it within 
the range of common school instruction, has been pecu- 
liarly gratifying. It is about twelve years since 
the first publication of the Elementary Algebra 
Within that time, between twenty and thirty editioiu 
have been printed, and several works of other authora\ 
have also appeared, modelled after the same general plan 

In the present edition, few alterations have been 
made in the general plan of the work. The introduc- 
tion has been somewhat enlarged for the purpose of 
preparing the pupU by a thorough system of mental 
training, for those processes of reasoning which are 
peculiar to the algebraic analysis. 

I have availed myself, in the present edition, of 
many valuable suggestions from teachers who have 
-tsed the work, and favored me with their opinions 
both of its defects and merits. 

The criticisms of those engaged in the daily business 
of teaching are invaluable to an author; and I shall 
feel myself under special obligations to all such who 
will be at the trouble to conmiunicate to me, at any 
time, such changes, either in methods or language, as 
their experience may point out. It is only through 
the cordial co-operation of teachers and authors — by 
joint labors and mutual efforts, that the text-books of 
the country can be brought to any reasonable degrer 
of perfection. 

FisHKiLL Landing, ) 
July, 1852. f 
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SUGGESTIONS TO TEACHERS, 



1. '/&£ Introduction is designed as a mental exercise. If 
thoroughly taught^ it will train and prepare the mind of the 
pupil for those higher processes of reasoning, which it is the 
peculiar province of the algebraic analysis to develop. 

2. He statement of each question should be made, and 
every £fep in the solution gone through with, without the 
aid of A slate or black-board ; though, perhaps in the be- 
ginning, some aid may be necessary to those unaccustomed 
to such exercises. 

3. Great care must be taken to have every principle on 
which the statement depends, carefully analyzed ; and equal 
care is necessary to have every step in the solution distinct- 
ly explained. 

4. The reasoning process embraces the proper connection 
of distinct apprehensions, and the consequences ^hich follow 
from such a connection. Hence, the basis of all reasoning 
(nust lie in distinct elementary ideas. 

5. Therefore, to teach one thing at a time — to teach that 
tiling well — to explain its connections with other things, and 
the ccnsequQUces which follow from such connections, would 
'^cm to embrace the whole art of instruction. 



INTRODUCTION. 



LESSON I. 



1, JoDK and Charles have twelve apples between lheu>, 
and each has as many as the other : how many has each ? 

If we suppose the apples divided into two equal parts, it 
is plain that John will have one part and Charles the other : 
hence, they will each have six apples. 

In Algebra, we often represent numbers by the letters of 
the alphabet ; that is, we take a letter to stand for a num- 
ber. Thus, let X stand for the apples which John has. 
Then, as Charles has an equal number, z will also stand for 
the apples which he has. But together, they have twelve 
apples, hence, twice x must be equal to 12. This, we write 

thus 

a? + a? =r 2a? = 12 ; 

and if twice x is equal to 12, it follows that once a?, cr x^ 
will be equal to 12 divided by 2, or equal to 6. This, we 
write thus : 

, ^2 ft 

When we write x by itself, we mean one ar, or the same as 
la?. If we write 2ar, we mean that x is taken twice ; if 3af, 
that it is taken three times, &c; 



li In the first question, how many apples has each boy f By what 
arc unmbers fCprcsenfed in Algebra t If a; stands by itselt how many 
times X are expressed t What does 2x denote ( What Zx ! What 4« 
tjc. If we have « + ar, to how many times x is it equal ! If we hicn 
Uw value of 2j*, how do we find the value of z \ 

1 
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2. James and John together have 24 peaches, and one has 
as many as the other : how many has each 1 

Let X stand for the number of peaches which James has : 

then X will also denote the number of peaches which John 

has ; and since they have 24 between them, 

x+ ar = 24; 

24 
ihal Is, 2aj = 24 and a? = — = 12. 

Therefore, each has twelve peaches. 

'^ William and John have 36 pears, and one has as many 
as tne other : how many has each 1 

Let the number which each has be denoted by x, 
men « + a? = 36 ; 

36 

that is, 2x = 36 and a? = — = 18. 

4. What number is that which added to itself will give a 
sum equal to 20 ? 

Let the number be denoted by x : then, as the number is 

to be added to itself, we have 

« + « = 20 ; 

20 
that is, 2ar = 20 or a? = — = 10. 

hence, 10 is the number. 

5. What number is that which added to itself will give a 
sum equal to 30 1 

2i In the second question, what does z stand fort What is twice x 
equal to ( How then do you find the value of « ( 

8i In the third question, what does x stand for ( What is x equal to I 
How do you find the value of a? f 

4« In the fourth question, what does x stand for ! What is twice a 
equal to ? How do you then find z f 

6. In the fifth question, what does x stand for t How do you find Um 
v&luel 



INTKDDDCTION. 3 

6 What number is that which added to itbeif will give a 
sum eq'ial to 50? 

7. What number is that which added to itself will ^ve a 
Bum equal to 1001 

8. What number added to itself will give a sum equal 
tc80? 

9. What number added to itself will give a sum equa 
to 25? 

10. What number added to itself will give a sum equal 
to 3711 



LESSON II. 

1. John and Charles together have 12 apples, and Charles 
has twice as many as John : how many has each 1 

If we now suppose the apples to be divided into three 
equal parts, it is evident that John will have one of the 
parts and Charles two of them. 

Let us denote by x the number of apples which John has. 

Then 2^ will denote what Charles has, and z + 2x will be 

equal to the whole number of apples. This equality is thus 

expressed : 

x-i 2aj=12; 

that is, 3x = 12 or a? = — = 4, 

therefore, John las 4 apples, and Charles 8. 

6 1 How do jou fiod tlie value of a; in the 6th question ( How in the 
Bth ? How in the 9th t How in the 10th t 

Questions on Lesson II. — li Into how many parts do we suppose 
khe 12 apples to be divided? How many of the parts will John havot 
What is the value of each part ? If x stands for one of the parts, what 
vill stand for two parts t What for three parts I If you haro the 
faluc uf SXf how will you find the value vf z\ 
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2. James and John have 30 pears, and John tius wice iw* 
many as James : how many has each 1 

Here, again, let us suppose the whole number to be divided 
into three equal parts, of which James must have one part, 
and John two. 

Let us then denote by x, the number of pears which 

James has : then 2x will denote the number of pears which 

John has, and z + 2x will be equal to the whole number of 

pears : and we shall have 

a; + 2x = 30 ; 

30 
that is, 3a: = 30 or a? = — ■ = 10. 

o 

3. William and John have 48 quills between them, and 
John has twice as many as William : how many has each 1 

Let the number of quills which William has be denoted 

by X : then, since John has twice as many, his will be de 

noted by 2ar, and the number possessed by both, will be de 

noted by a; 4- 2x. Hence, we shall have 

a? + 2a; = 48; 

48 
that is, 3a? = 48 or x = — = 16. 

o 

Hence, William has 16 quills, and John 32. 

4. What number is that which added to twice itself, w'A^ 
give a sum equal to 60 1 

Let the number sought be denoted by a?, then twice tho 
^mber will be denoted by 2aj, and we shall have 
ar + 2a: = 60 ; 

cnat is, 3ar = 60 or a: = -— = 20 ; 

and we see that 20 added to twice itself will give 60, 

2( In question seoood, 'what is the value of one of the parts t Wbak 
ai question 8d ? How do jou state question 4th ? 
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5. John says to Charles, '^give me your marbles and I 
*hall have three times as many as I have now." " No/* 
says Charles, " but give me yours, and I shall have just 51," 
How many had each 1 

Let the number of marbles which John has be denoted 

by X : then, 2x will denote the number which Charles ha% 

and since they have 51 in all, we write 

« + 2a!=:51; 

51 
tLat is, 3af = 51 or ar = -— = 17. 

o 

6. What number is that which added to twice itself will 
give a sum equal to 75 1 

Let the number be denoted by x : then, twice the number 
will be expressed by 2x, and 

« + 2x = 75 ; 

75 

that is, 3a: = 75 or x =z — = 25, 

7. What number added to twice itself will give a sum 
equal to 90 1 

8. What number added to twice itself will give a sura 
equal to 57 1 

9. V/hat number added to twice itself will give a sum 
squal to 39 1 

10. What number added to twice itself will give a sum 
equal to 21 1 



LESSON III. 
1. If James and John together have 24 quills, and John 
has three times as many as James, how many has each 1 

6t How do you stale que8ti(Hi 6th ? Explain the 6th question t AIm 
the '7th ? Wliat ib the required number in the 8th ? What in the 9th • 
What in the lOtb I 
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It is plain that if we suppose the twenty-four quills to be 
divided in f<>ur equal parts, that James will have one of the 
parts, and John three. 

Let us now denote by x the number of quills which Jamei 
6as : then 3a; will denote the number of quills which Jolu 
luM, and we shall have 

a? + 3ar = 24 ; 

24 

Aat is, 4a? = 24 or « = ^^ = 6. 

4 

2. What number is that which added to three times itself 
will give a sum equal to 48 ] 

If we denote the number by x, we shall have 

a: + 3a; = 48 ; 

48 
uhat is, 4ar = 48 or a; = — = 12. 

3. John and Charles have 60 apples between them, and 
Charles has thrac* times as many as John : how many has each 1 

If we suppose the number of apples to be divided into 
four equal parts, it is evident that John will have one of 
those parts, and Charles three. 

Let X = the number which John has ; then 3a: will stand 
for the number which Charles has, and we shall have 
a; + 3a; = 60 ; 

that is, 4af = 60 or a? = — = 15. 

Hence, John will have 15 and Charles 45. 

1« If the twenty-four quills be divided into four equal parts, how 
many parts will John have t How many will James have f What if 
(tacb part equal to I 

2, If three times a number be added to the number, how many limei 
wnW the number be taken ? If 4a; is equal to 48, what is the value of x 
EiZplain the third questior. If 4x is equal tr 60, how do you 6nd (Ji« 
^bIuc of X 
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4. What number is that which being added tc thiee tiiues 
Itself will give a sum equal to 100 ] 
Let the number be denoted bj x : then 
a? + 3a; = 100 ; 

that 5, 4a; = 100 or « = i^=25. 

4 

6. Wliit lumber is that which if added to four timei ll 

•elf, the 8um will be equal to 60 ? 

Let X denote the number. Then, 

a? + 4a; = 60; 

60 

that is, 5a; = 60 or a; = -— = 12. 

5 

6. What number is that which being multiplied by 3, and the 
product added to twice the number will give a sum equal to 75 ] 

Let the number be denoted by ». 
Then, 3a; = the product of the number by 3 ; 
and 2a; = twice the number ; 
and 3a; + 2a; = 5a; = 75 ; 

75 

or a; = — = 15, the required number. 

D 

7. What number is that which being added to three times 
itJrelf will give a sum equal to 140 ] 

8. What number is that which being multiplied by 5, and 
the product added to the number, will give a sum equal to 240 1 

9. What number is that which being multiplied by 2, ai d 
then by 3, and the products added, will give 125 7 

5 1 If a number be added to four times itself, how many times will the 
number be takeu ? 

6. If X stands for any number, what will stand for three times thai 
number t What for twice the number! Explain the ifth question 
How do you state it I What Is ^x equal to t Why t How then do 
you find x I How do you state the 8th question I What js tx equal to 
How then do you find x ? 

0. If a; denotes a number, what will stand fur twice the number V 
H'liai ft»r thn'«< liino:* tht* utnukT 
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LESSON IV. 

1. John and Charles together have 80 apples, aid Cbi&r- <tf 
has four times as manj as John : how many has each 1 

If we suppose the 80 apples to be divided into 5 eqaa 
parts, it is evident that John will have one of the parta^ and 
Charles four. 

Let X stand for the number of apples which John has : 

then ^x will stand for the number which Charles has ; and 

« + 4a; = 80 ; 

80 
that is, bx = 80 and a; = -— = 16. 

5 

2. What number added to four times itself will give a sum 
equal to 90 ? 

3. What number added to five times itself will give a sum 
equal to 120 1 

4. What number added to six times itself will give a sum 
equal to 245 ? 

5. What number added to seven times itself will give a 
sum equal to 300 ? 

6. What number added to five times itself will give a sum 
equal to 200 ? 

7. What number added to itself and the sum to foui 
times the number will give a sum equal to 72 % 

\* It X stands for John's apples, what will denote Charles'? What 
will stand for the apples which they both have I If 5a; is equal to 8(\ 
what will X be equal to f If a number be added to four times itself 
bow many times will the number be taken t If 6 times a number ii 
equal to 90, what is the value of the number f Explain example 8<f 
Explain question 4th. What does x stand for t Explain the 5th quei 
iiML Kxplaiu example Gth. 
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LESSON V. 
1 <Vhat number added to five times itself, will give a 
^m ;squal to 60 ? 

2. John has a number of marbles and bu}'s four times as 
many more, when he has seventy-five : how many had he 
ftt first 1 

3. If a; be taken seven times, and then eight times, how 
many times will it be taken in all ? * 

4. If a? be made equal to 5, in the last example, what will 
be the numerical value of the sum 1 

5. Find two numbers whose sums shall be fifty, and one 
of them four times the other ? 

Let X denote the less number : 
then, 4x will denote the greater : 
and by the conditions of the question 
a? + 4a: = 50 ; 

hence, 5a; = 50 ; or « = — = 10. 

o 

6. Find two numbers whose sum shall be forty-five, and 
one of them eight times the other. 

7. Divide the number thirty into two such parts that the 
greater shall be four times the less. 

8. Divide the number forty-eight into two such parts that 
the greater shall be five times the less. 

9. Divide the number sixty-four into two such parts that 
the greater shall be seven times the less. 

10. What is the sum of 9x and three x ? What is thti 
fum equal to, numerically, if a; is equal to 5 1 

11. What is the sum of eight x and one x 1 What is thf 
sum equai to, uuiuerically, when a* is 7 ? 

1* 
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12. What is the sum of x + x + Sx -{- 4x ^ bx\ W. 4 
is this sLOi equal to, uumcriealfy, if :p is 2? 

13. What is the sum of 2x + « + 3* + 4* + « + *1 
What is the sum equal to, numerically, when d; is 9 ! 

14. James and John wish to share thirtj-six apples, so 
that James shall have three times as many as John : how 
many wUl each have 1 

15. W^hat number added to eight times itself, and this 
Mim to three times the number, will give a sum equal to 48 1 

16. What number is that whose ninth part added to the 
number will give a sum equal to twenty 1 

Let the number be denoted by 9a; : 

then one-ninth of 9x will be denoted by x ^ and by th» 0(hi 

ditions of the question 

dx + x=z 20, 

20 
hence. 10a; = 20 or a? = — = 2. 

Then, if a; = 2, 9x = 18, the number sought 



LESSON VI. 

1. What number added to six times itself, and then to 
five times itself, will give a sum equal to twentv-four 1 

Let X denote the number : 
ihen, 6x = six times the number, 

and 5a; = five times the number . 

and by the conditions of the question 
a; + 6a; + 5ar = 24 : 

24 
hence, 12a; = 24 or a; -= — - = 2. 
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2 What number added to twice itself, then lo three tinier 
Itself, to four times itself, and to live times itself, will give 
a sum equal to fifleen 1 

3. Divide twenty-one into three such parts, that the second 
shall be equal to four times the first, and the third to four 
times the second. 

4. A farmer has three times as many sheep as goats, and 
cme-ihird as many lambs as sheep : he has thirty in all : 
how many has he of each sort 1 

Let X denote the number of goats : 

tnen Sz will denote the number of sheep, 

and X will denote the number of lambs ; 

and by the conditions of the ques^on 

x + Zx + x = SO the number in all. 

30 
Then 5a; = 30 ; or a; = — = 6, the lambs or goats. 

Also, 3a; = 3 X 6 = 18 the number of sheep. 

5. James has twice as many dime-pieces as cent-pieces, 
and has forty-two cents in all : how many dime-pieces has 
he? 

6. John has two sisters and one brother, and wishes to 
divide thirty dollars between them. He wishes to give the 
elder sister twice as much as the younger, and the brother 
as much as both the sisters : how much must he give to 
each? 

7. An orchard contains thirty-five trees. There is an 
equal number of plum trees and pear trees ; but there are 
three times as many cherry trees as plum trees, and twice 
' as many apple trees as pears : how many of each s')rt ? 
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8. Divide twenty-four into three such parts that the 
second shall be double the first, and the third three timet 
the first. 

9. Divide the number fourteen into three such parts, that 
the second shall be double the first, and the third double 
the second. 

10. John has three times as many marbles as William 
has tops : the tops cost three cents a piece, and the marbles 
one cent, and together they cost thirty cents : how many 
had each? 

11. Jane has a blush rose bush, a moss rose bush, and a 
white rose bush ; and together they have thirty-three buds ; 
the buds on the second are double those on the first, and 
those on the third four^times those on the second: how 
many on each? 



LESSON VII. 

1. Jambs has three times as many marbles as Charlen, 
and together they have thirty-two : how many has each 1 

Let X = the number of marbles which Charles has • 

then 3a; = the number James has : 

and a? + 3a; = 32 what both have. 

32 
Then 4a; = 32 ; or a; = -- = 8 : 

4 

therefore, Charles has 8, and James 8 X 3 = 24. 

2. John, Charles, and William have ninety books : Charles 
has five times as many as John, and William four times as 
nianj as John ; how many has each 1 
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Let X = the number which John has : 
then 5x = the number Charles has, 
and 4x = the number William has. 
Then, x + bx -{- 4x ^ 90, the number they all have. 

90 
Hence, lOx = 90 ; or a; = — = 9. 

Therefore, John has 9; Charles 45, and William 36. 

3. The sum of three numbers is twenty-four : the seooad 
is twice the first, and the third five times the first : what 
are the numbers ? 

4. The sum of three numbers is thirty-eight : the second 
is three times the first, and the third five times the second *. 
what are the numbers 1 

5. The sum of three numbers is forty-eight : the second is 
seven times the first, and the third is equal to the sum of 
the first and second : what are the numbers ? 

6. The sum of four numbers is seventy : the second is 
four times the first ; the third three times the first, and the 
fourth double the third : what are the numbers 1 

7. Divide the number thirty-nine into three such parts, 
that the second shall be three times the first, and the third 
three .times the second. 

8. Divide the number seventy-five into two such parts^ 
that the less shall be one-fourth of the greater. 

9. Divide one hundred and thirty-three into three such 
parts, that the second shall be three times the first, and the 
third five times the second. 

10. Divide eighty-five into four such pasts that the second 
•hall be four times the first, the third four times the second 
tnd the fourth four times the third. 
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LESSON VIII. 

MuTiL.— Let the pupil now read Artides 60) 61 ^ and that part of iLrt 
64, which is found on page 90. Ako^ Art 65i 

i. James receives five apples from John, and then Las 
tw elve : how many had he at first 1 

Let X =z the number he had at first, 
rhen d; + 5 = 12) what he had aflerwards. 

Now, if z increased by 5, equals 12, x must be ku 
than 12, by 5. Hence, 

ir = 12 — 5 = 7. 

When we take a number from one member of an equa- 
tion and place it in the other, we are said to transpose it. 

2. William has eight marbles more than John, ar.d U> 
gether they have thirty-six : how many has each ? 

Let X = the number which John has : 

then X + S = the. number William has, 
and 2« + 8 = 36, the number they both have. 

Now, if 2x increased by 8 is equal to 36, 2x must be 
equal to 36 diminished by 8 : hence, 

2« = 36-8 = 28 

or « = — = 14. 

Hence, we see that a plus number tnay be transposed from 
uno member of an equation to the other, by simply chang 
ing its sign to minus. 

3. A. father's age is double his son's, and the sum of 
.hell ages increased by four is equal to 64 : what is the ng^ 
^f each 7 
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Lei X denote the son's age . 
then 2ar will denote the father's age, 
and 2x -{- X will denote the sum of their ageiL 

But Ly th 3 conditions of the question 

23- "< a? -(- 4 = 64 ; 

hencO; 3a; + 4 = 64 

and ar = 64 - 4 = 60, 

60 ^^ ^ 
or a; = ~ = 20, the son's ago. 

and 20 X 2 = 40, the father's age, 

4. A. farmer has three pastures for sheep. In the second 
he has twice as many as in the first, and in the third as 
many as in the first and second less 1 5, and he has in all 
fifty-seven : how many has he in each pasture ] 

5. What number is that to which if ten be added, the 
sum will be equal to three times the number 1 

6. John bought an equal number of pears, peaches, and 
oranges ; for which he paid one dollar ; he paid a cent a piece 
for the pears and peaches, and three cents a piece for the 
oranges : how many did he buy of each sort 1 

7. A man deposited in a savings bank, at different timej, 
eighty dollars. The second deposit was double the first, and 
the third was equal to the first and second and eight dollars 
over : what was the sum deposited at each time ? 

^, A horse, cart, and harness, together cost one hundred 
and twenty dollars : the cost of the horse plus twenty dol- 
lars was equa] to the cost of the cart and harr ess, and lh« 
^KTi ot)8t twenty dollars more than the harness. 
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LESSON IX. 



1. Divide twenty-one dollars between James, Jthn, and 
Charles, so that James shall have four dollars more thac 
John, and John one dollar more than Charles. 

Let X = James' share of the $21 : 

then X ^ 4k = John's share, 
and a; — 4 — 1 = Charles' share, 
and their sum, « + « + a:--4 — 4 — 1 =21: 
hence, 3a? — 9 = 2L 

Now, if 3x diminished bj 9 equals 21, 3a; must be equal 

to 21 increased by 9, 

therefore, Sx=z2l+^=zS0 

30 ,^ 
or, x = — = 10. 

Hence, John's share = 10 — 4 = 6, 
and Charles' share = 10 — 5 = 5. 

Remark. — We see from the above example, that a nega^ 
tive number may be transposed from one member of an 
equation to the other by simply changing its sign to plus. 

2 A person goes to a tavern where he spends three shil- 
lings : he then goes to a second and spends nine shillings, 
which is three times as much as he had left : what had he at 
first? 

3. Three persons, A, B, and C, spend at a tavern, twenty 
eight dollars : B spends three dollars more than A, and C 
seven dollars more than B : how much does each spend ? 

4. There are four numbers whose sum is 33 : the secoDO 
Is double the Rrst ; the third is three times the second, and 
the fourth is four times the third : what are the numbers? 



INTRODUGTIO^. 17 

5. The sum of two members is 13, and their differeooe 
Jiree : wliat are the numbers t 

LfOt X = the greater : 
(hen X — 3 = the less ; 
wd 2? — 3 r= 13 : hence 2^; = 13 + 3 = 16, 

M a? = — - = 8 ; and 8 — « = 5, 

haooe, the numbers are 8 and 5. 

0. James says to John, " give me five of your marblet 
ahd I shall have twice as many as you now have" : together 
they have nineteen : how many has each ? 

Let X denote the number which James has. 
Then, 19 — a; will denote what John has; 

and by the conditions of the question, 

;r + 5 = 2 (19 - ar) = 38 - 2r 
then, by transposing 2x and 5, we have 
3a: = 38 — 5 = 33, 

or, a: = Y=ll. 

Remark. — When we wish to multiply an algebraic ex- 
pression, composed of two or more terms, by any number, 
we place those terms within a parenthesis, and write the 
multiplier on the left, or right. Thus, 

2 (19 - x) or (19 - r)2 

denotes that the differmce between 19 and ar is to be multi- 
plied by 2. 

7. The sum of the ages of a mother and daughter is 50 : 
Uie daughter's age is one-third of the mother's age : what is 
the ogc of each 1 
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LESSON X. 

1 . If from 3x ^e take x^ what will remain ] 1/ we Uk« 
away 2j?, what will be Icfl 1 If we take away ^, if hat will 
beJea? 

2. If from 3a?, we subtract « — I, what will be kfl ? 

I J ere we propose to take from 3a; a number less than i 
by 1. If then, we subtract x from 3a:, leaving 2ar, we shall 
have taken too muchj and consequently, the remainder will 
be too small by 1. Hence, to obtain the true remalndei 
we must add 1 ; and we then have 

3ar - (a; - 1) = 3a? — a? + 1 = 2a: + 1. 

This, and all similar results, are obtained by merely 
changing Ike signs of the subtrahend, and adding the term& 

3. What is the difference between 

4a; + 3 and 2a: — 2 
4a: + 3 - (2a: ~ 2) = 4x - 2a: + 3 + 2 = 2* + 5. 

4. What is the difference between 

6a: — 9 and 2a: — 8. 

5. What is the difference between 

3a: — 4 and — a: -f 6. 
A. What is the difference between 

— 5x 4- 7 and — 3a: + 8. 
7. James is three years older than John; and i^ne-iuU 
of James' age is equal to one-fifth of John's. 

Let X denote James' age ; 
then a! — 3 will denote John's ; 
and ^y the conditions of the question, 
X a: — 3 

bcnoe, 5if = 6;i: — 18, ur x =r, 18. 
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8. WillUm has two cents more than John, if John's 
cents be subtracted from twice William's^ the remain- 
dcr will be ten : how maxij has each ] 

Let X denote the number of William's ; 
then X ^2 will denote John's; 
ind by the conditions of the equation, 

2a. - (a: - 2) = 10 ; 
hat is, 2a? — ar + 2 = 10 

a; + 2 = 10, oi * = 10 - 2 =: 8. 

9. A farmer has sheep in two lots. In one lot he has Ays 
more than in the other. But three times the larger flock is 
equal to four times the less : how many are there in each flock 1 

10. Lucy is Ave years older than Jane ; but four times 
Lucy's age, diminished by five times Ja&c*d» is equal tf 
nothing : what is the age of each 1 

11. What is the difference between 

5a? + 3 and — 7ir — 4 
If^. What is the difference between 

— 6a? f 3 and 8a? + f 



LESSON XI. 

1. A grocer buys an equal number of lemons and oranges 
for the lemons he paid two cents a piece, and for the oranges 
be paid three cents a piece, and for the whole he pf^id <%ighty 
cents : how many did he buy of each sort 1 
Iict X denote the number of each kind : th'^n 
2a? = the cost of the lemons, 
and 3a; = the cost ^f the oranges, 

nd by the o«3nditions of the question, 
2ar + 3ar = 80 cents. 

80 

IIbuoiv 5a? = 80; or a? = — = 10, 
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2. A grocer buys a certain number of lemons at two oenta 
a pieoo^ and three times as many oranges at four cents a 
piece, and pays for the whole eighty-four cents : how many 
does he buy of each sorf^ 1 

3. What number is that which being added to five times 
Itself, and nine subtracted fVorp the sum, will leave a re- 
vnalnder equal to 21 ? 

4. John has in his purse a certain number of cents, half 
M many dimes as cents, and half as many dollars as dimes ; — 
in all twenty -eight pieces : how many has he of each sort 1 

Let X denote the number of dollars ; 

then 2x will denote the number of diiies ; 

and 4z the cents. 

Theii. by the conditions of the question, 

« + 2a: + 4r = 7z = 28, or ar = y = 4. 

5. In a fruit basket there are three times as many apples 
as pears, and five times as many peaches as apples : in all, 
ninety-five : how many of each sort '^ 

6. A farmer has sixty-nine head cf jattle. The n amber 
of cows is double that of his calves, and the number of 
young cattle is six times as great as his calves ; besides, he 
has six oxen : how many calves, how many cows, and hon 
many young cattle ? 

7. What number is that which being multiplied by seven, 
and five subtracted fiora the product, will^ive a result equal 
fee four times the number increased by ihirteen 1 

8. A merchant has forty-four dollars in bank bills, in 9n 
squal number of ones, twos, threes and fives : how many 
lutf ^le of eac li sort ? 
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0. A jockey has a horoe and two saddles, one worth 
thirty dollars and the other five. If he puts the best saddle 
on the horse, their value beoomes double that of the home 
diminished by twice the value of the other saddle : wha« u 
the value of the horse 1 
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1. What number is that to which if five be aided, an 
Uie sum multiplied by three, will give a result equal to 
ten times the number plus one ? 

Let X denote the number. 
Then by the conditions of the question 

3(ar + 5) = lOar + 1, 
hence, &r + 15 = lOa? + 1 j 

and by transposing \0x and 15, 

3ar - lOa? = 1 - 15 
or — 7a? = — 14, 

and changing the signs of both members, 

Tar ^ 14 or a: = -=- = 2. 

7 

Remark. — When, after having brought all the x's to che 
first member, the final sign ia minus, make it plus by ch^jng^ 
ing the signs of all ike terms in both the members, 

2. The difference of two numbers is three, and their cum 
five times the difference : what are the numbers? 

3 James says to John, '* Give me your apples, and I shaU 
then have three times as many as you have now." John 
says "No; for the number of your apples now ezcp^ds 
mine by four :" how many had each 1 

Let X denote the nuEiber which John had. 
Then, « + 4 will denote v^hat James had ; 
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and by the conditions of the question 

x + x + 4=zSz\ whence by 
transposing, x z=i4. 

4. James met some beggars, to each of whom he gave fi 
eents : had there been four more, and had he given the same 
to each, he would have given seventy-two cents : how mary 
beggars were there 1 

9. John has twice as many turkeys as ducks; t\»ice af 
many ducks as geese, and eight times as many chickens at 
geese ; in all, forty-five : how many has he of each sort ? 

6. Three persons receive forty-eight dollars ; the second, 
four dollars more than the first, and the third, four more 
than the second : how much did each receive 1 

7. The sum of three numbers is thirty-six ; the second 
exceeds the first by eight, and the third b less than the 
second by 16 : what are the numbers ? 

Let X denote the first number ; 

then, « + 8 will denote the second ; 
and since the third is less than the second by 16, 

« + 8 — 16 = « — 8= the third. 
Then by the conditions of the question 

« + « + 8 + «-.8 = 36, 
01 3a? = 36, or « = 12. 

Hence, the numbers are 12, 20, and 4. 

BxMARK. — When a number, as + 8 and — 8, is found 
twice in the same member of the equation and with different 
signs, it may be omitted : and the two numbers are then 
said to cancel each other. If the same number is found in 
different members of the equation with the same eign^ it 
may be omitted: and the two numbers are then said u> 
^ncel each >ther. 
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8. A father, son, and daughter, on comparing ages, find 
that the son's age is double the daughter's : that twice the 
son's age diminished by four, is equal to the. father's age : 
and that the sum of their ages is e^aal to 73. what ia 
the age of each 1 
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1. The sum of two numbers is nine ; if to the first six be 
added, the sum will be double the second : what are the 
numbers ? 

Let or denote the first number, 
then, 9 ^ X will denote the second ; 
and by the conditions of the question 

x-h6 = 2(9-ar) = 18-2a?; 

whence, S. = 12; or , =^ = 4. the firs^ 

and 9 — « = 9 — 4 = 5, the second number. 

2. John and James play at marbles: James, at the be- 
ginning, has twice as many $0 John, but John wins eight| 
and he then has twice as many as James has left: how 
many had each, at the beginning ? 

Let X denote John's marbles, 
then 2a; will denote James' ; 
and X + S what James had afler he won, 
and 2ir— 8 denote what John had afler he loat. 

llien, by the conditions of the question, 

« + 8 = 2(2a:-8)=4a;- 16, 
or 3a? = 24 : 

whence, x = S, the number JqJui had ; 

ano 2a; = 16, the number James had. 
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8. In an orchard containing sixty trees, theie are twice as 
many pear trees as apple trees, and as many plum trees as 
pear trees and apple trees together : how many trees are 
there of each sort ? 

4. A and B set out, at the same time, from two places 
which are ninety miles apart, and travel towards each other; 
A travels six miles an hour, and B three miles an hour : ii 
how many hours will they meet ? 

Let X denote the number Ox hours : 
then Gx will denote the number of miles A travels 
and Sx the number of miles B travels : 
By the conditions of the question 

Gar + 3a; = 90, 
whence 9a; = 90 or « = 10. 

5. Charles buys six yards of doth at a certain price, and 
afterwards nine yards more at the same price, but the last 
time he paid twenty -seven shillings more than before : how 
much did he pay a yard 1 

6. A cask which holds eighty gallons is filled with a mix- 
ture of brandy, wine, and cidi^ : there are ten gallons more 
of cider than of wine, and as much brandy as of cider and 
wine together : how many gallons are there of each 1 

7. Four men build a boat together, which cost one hm- 
dred and twenty-one dollars : the second paid twice as mu3h 
as the first, the third as much as the first and second together 
and the fourth as much as the third and second together : 
what did each pay? 

8. B has six shillings more than A ; C has six shillings 
more than B ; D has six shillings more than C ; D has al tC 
three times as many shillings as A r how many bhillings 1 is 
eaciil 
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9. At an election one hundred votes weie given, and ths 
lueoessful candidate had a majority of twenty : how many 
votes had each candidate 1 

10. Two men together had twenty dollars; and they 
played till one lost five dollars, when the winner had four 
times as much as the loser: how much had each wh€P 
l^ey began 1 

11. Divide fifteen into two parts, such that one part shall 
be equal to twice the other. 

12. A fish was caught which weighed twenty pounds ; the 
bead weighed four times as much as the tail, and the body 
weighed five times as much as the tail 1 What did eadi 
part weigh 1 



LESSON XIV. 

1. John has a certain number of marbles: Charles bat 
half as many, and James one-third as many : togethei chey 
have eleven : how many has each 1 

Let X = the number of John's marbles ; 

Uien, — = the number which Charles has, 

and — = the number which James has. 
o 

Tben, by the conditions of the question, 

To dear the equation of fractions, multiply each membei 
y the least common multiple of the denominators (sm 
Art. 68), which in this case is 6, and we shall have 

2 
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ear + 3« + 2« = 66, 

Ait 

tieuce^ 11^=: 66 or a? = — = 6, 

i^ Wliat is the sum of -^, ^ and -^1 

SOLUTION 

1 + 1 + 1-1 + 1 + 1-1?-, L 

2 ^3 ^4 "* 12 ^ 12 ^ 12 ■" 12 ~ » 
1 tE»noe, the sum is l^^x. 

3. What number is that, which being added to half itself 
U> one-third of itself, and to one-fourth of itself will give a 
Bvm equal to twenty-five ? 

4. What number added to its fifth part, will give a result 
equal to twice the number diminished by eight? 

5. What number is that to which, if three-fourths of it 
self be added, the sum will be twice the number diminished 
l)y two? ^ 

6. A fitrmer has twice as many oxen as horses ; and one- 
third the number of his horses, added to half the number 
of his oxen, is equal to four : how many oxen and horses 
had l:e ? 

7. James has fijfleen oranges, which are three-fourths as 
many, as John has, less three : bow many has John ? 

8. The smaller of two numbers is five-eighths of the 
larger, and their sum is sixty-five : what are the numbers ? 

9. The smaller of two numbers is three-fourths the 
larger, and their difference is equal to half the greater 
iiminished by two : what are the numbers ? 

10. A farmer sold a cow and calf: he received one-fifth 
OS miicli fur the calf as for the cow; and. the differenoe bd 
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tween the two sums was twenty four dollars : what did bt 
receive for each ? 

11. James is six years older than John; and the sum of 
their ages plus one-fourth of John's age, is equal to tweutj- 
four : what is the age of each 1 

12. Nancy's a^e is three times Eliza's one-half {^anoy'' 
plus one-third of Eliza's, is equal to the difference of the] 
ages diminished by one : what is the age of each ? 

13. John is nine years older than his sister. If one sixth 
of his age be added to his sister's, the sum will be two-thirds 
of John's. What was the age of each 1 

14. The difference between two numbers is four; and 
Dne-third of the less plus one-fourth the gi eater is equal to 
fealf the greater : what are the numbers 1 

15. A pole is one-third in the mud, one-half m the water, 
and six feet out of water : what is the length of the pole ? 

16. The weight of a fish is thirty- two pounds : one-third 
ihe weight of his head is equal to the weight of his tail ; 
and the weight of his body is four times the weight of his 
^il : what is the weight of each part 1 

17. A person in play lost one-fourth of his money, when 
he found that he had one-half of what he began with and 
five shillings over : how much had he when he began to 
playl 



LESSON XV. 

1. The sum of the ages of Jane and Catharine is eigh* 
w;eu : but one-half of Catharine's age is equal to one-fourth 
of Jane's age : wliat is the age of each 1 
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Let X denote Jane's age ; 
then IS — a; will denote Catharine's age ; 
and bv the conditions of the question 
18 — a? _ X 

2 ~""T- 
Multiplying each member of the equation by IbuK w** 
hare 

86 — 2a; = a;; whence 36 = &r 

or 3ir = 36, or x = -- = 12 

o 

2. If from one-fiflh of a man's money, one-sixCh be token, 
he will have one dollar left : how much has he 1 

Let X denote the amount which he has : 
Then by the conditions of the question 

X X 

5"^6"^^' 

Multiplying both members of the equation by 30, the 
least common multiple of the denominators, and we have 

6a; — 5« = 30, whence, a; = 30. 

3. John sells one-third of his eggs, and then one-half of 
what he first had, afler which he has three left : how many 
had he at first? 

4. John gave one-third of his apples to Charles, and 
Charles ga^e one-fourth of what he received to William, 
and then had six left : how many apples had John ? 

5. If a certain number be diminished by three, and one- 
third of the remainder be subtracted from the number, ths 
result will be equal to eleven : what is the number 1 

6. The difference between five-sixths of a number and one 
third of the same number is nine what is the number I 
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7. The dilTcrence between four-fidhs of a number and one 
third of a number is seven : what is the number ? 

8. If from five-eighths of a number we take one half the 
number, and then take one from the dilTerence, the result will 
be equal to nothing : what is the number ] 

9. A market woman bought a certain number of egga^ 
une-third of which she sold : five of the eggs spoiled, and 
s^e then had just three-quarters of a dozen lefl : how manj 
did she buy 1 

10. The difference between one-half of a number and one 
^h cf it is three : what is the number ? 

11. What is the value of ar, in the equation 

XX X 

12. What is the value of a;, in the equation 
l& What is the value of x, in the equation 



X X 



iX 



V( 



LESSON XVI. 

1 . If a laborer can do a piece of work Ji five days, what 
part of it can he do in one day 1 

2. If James can do a piece of work in eight days, how 
much of it can he do in one day 1 How much in two days 1 
How much in three days 1 How much in x days ? 

8. James can do a piece of work in three days, and Johb 
can do it in six days : in how many days can they both d< 
It woikirg together 1 
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Let 1 denote the work to be done , 
and X = the time in which both can do it| together 

Then, ~ = what James can io in one day, 
o 

X 

and — = what James can do in r days : 
o 

■lao, — =z what John can do in one day, 

X 

and — = what John can do in « days. 

X X 

Then -5- |- -2- = 1, the work done; 
o o 

and by clearing the equation of fractions, 

2ic+ a? =6, or 3^ = 6; 

hence, « = — = 2. 
o 

Therefore, together, they can do the work in two da^s. 

4. If A can do a piece of work in four days, and B can 

do the same work in twelve days, how long will it take 
both of them to do the same work 1 

Let X denote the time : then by the conditions of thd 
question, 

- + --!• 
4 ^12-*' 

whence, x is found equal to 3. 

5. If Charles can do a piece of work in live days, and 
John ill twenty days : how long will it take both of theni| 
working together, to do the same work 1 

6. A barrel can be emptied by one &ucet in six hours, 
and by another in thirty hours : how- long will it take both 
to empty it, running together 1 
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7. A hogshead can be emptied hj olo tkucet 'n seveD 
hours, and by another m forty-two hours.: how long will it 
take both to empty it, running together 1 

8. If A can do a piece of work in four days, B in fire 
days, and C in six days ; in how many days will they per- 
form it, when working together ? 

Let 1 denot<e the work to be done ; 
and X denote the number of days. 

Then, j- = what A can do in one day , 

and — = what he can do in z days ; 

-r- = what B can do in one day. 
o 

and -r- = what he can do in j; days. 
5 

Also, -- = what C can do in one day, 

4* 

ind IT = what C can do in x days. 
Then, by the conditions of the question, 

XXX 

the multiplying by 60, the least common multiple of the 
denominators, we have 

15* +15^+ 10a; = 60; 

rhence, ^"=37 = ^M <^y«- 

9. An orchard of pear and cherry trees has twenty trees 
rf both sorts : if the number of pear trees be diminished 
by twice the number of cherry trees, the remainder will be 
equal to 5 : how many are there ot each sort 1 
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10. James bought a pencil and a knife, for which he paid 
one dollar : what he paid for the pencil, diminished by twioe 
what he paid for the knife, is equal to minus twenty : what 
did he pay for each ? 

11. Divide twenty-four into two such parts that the 
greater diminished by twice the less shall be equal to :hfl 
less : what are the parts ? 

12. James and John together have twenty oranges. Poai 
times John's oranges taken from twice James', lei^fes a 
remainder equal to half the whole number of oranges -. how 
many had each 1 

13. James buys a number of oranges. He gives three 
away, and then divides the remainder equally among eight 
boys. Now, the whole number of oranges diminished by 
the share of each boy, is equal to seventeen : how many 
oranges did he buy 1 

14. The difference between a father's age and his son' 
age is 24 years. But if the father's age be diminished bj 
twice the son's age, the remainder will be four : what is the 
age of the father? 

15. A drover scld one-third of his cattle to one man, and 
one-third of the remainder to another, and then had sluteen 
l«fl ; how many had he at first ? 

IG. A man goes to a tavern, where he spends three Ml- 
lings : he then borrows as much as he has left, and dnds 
that the amount in his purse is more than what he had at ^i«^ 
by fauT shillings : how much had he it first ? 



EIEMENTAKY ALGEBRi .., 

CHAPTER 1. 

v/ Preliminary Definitions and Remarks. 

L Quantity is a general term applied to every thiiif 
«rhicli can be increased or diminished, estimated or measured. 

2. Mathematics is the science of quantity. 

3. Algebra is that branch of mathematics in which the 
pantities considered are represented by letters, and the 
operations to be performed upon them are indicated by 
signs. These letters and signs are called symbols. 

4. The sign +, is called plus; and indicates the addition 
of two or more quantities. Thus, 9 + 5, is read, 9 plus 5, 
or 9 augmented by 5. 

If we represent the number nine, by the letter a, and 
the number 5 by the letter i, we shall have a + 5, which is 
read, a plus b ; and denotes that the number represented by 
« is to be added to the number represented by h, 

6. The sign ~, is called minus ; and indicates that o\a 

1. What is quantity t 

i What is Mathematics t 

B What is Algebra ? What are the letters and eigoa called I 

4. What does the sign plus indicate t 

5 What does the sign mbus indicate t 
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quantity is to be subtracted from Another. Thus, 9—5 is 
read, 9 minus 5, or 9 diminished by 5. 

In like manner, a — 6, b read, a minus b^ or a dli finished 
hyb. 

6. The sign X^ is called the sign of multiplieatU^n ; and 
Mrhen placed between two quantities, it denotes that they 
ire to b^ multiplied together. The multiplication of two 
}uantities is also frequently indicated by simply placing a 
point between them. Thus, 36 X 25, or 36.25, is read, 36 
multiplied by 25, or the product of 36 by 25. 

7. The multiplication of quantities, which are represenved 
oy letters, is indicated by simply writing the letters one aftei 
Uie other, without interposing any sign. 

Thus ab signifies the same thing as a X ^i or as a.& ; 
and abc the same as a X & X c, or as a.6.e. Thus, if we 
suppose a =- 36, and 6 = 25, we have 

a6 = 36 X 25 = 900. 

Again, if we suppose a = 2, 6 = 3 and c s= 4, we have 

a6c = 2x3x4 = 24. 

It is most convenient to arrange the letters of a product 
In alphabetical order. 

8. In a product denoted by several letters, as ahcy the 
single letters, a, 5, and c, are called literal factors of the 
product Thus, in the product a5, there are two literal fiuy 
tors, a and b ; in the product ahc^ there are three, a, 6, and c 

6. What 18 the BigD of multiplicatioD What does the 8ig[n of multi 
plication iDdicate t In how many ways may multiplication be ezpre8|ed 

7. If letters ODly are uaed, how may their multiplicatioi. be expressed 

8. Tn the product of several letters, what is each letter called I Ho« 
?%aLy fiu^toTj in aA/— lu abef^Ju aW/— In ahcdff 
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9. There are three «igni used to denote divimon. Thus, 

a -r i denotes that a is to be divided by b, 

a 

J- denotes that a is to be divided by b, 

a I b denotes that a is to be divided by b 

10. The sign =, is called the sign of equality, and *• 
read, is equal to, W hen placed between two qnantities, It 
denotes that they are equal to each other. Thus, 9 — 5 = 4 1 
that is, 9 minus 5 is equal to 4 : Also, a + 5 = c, denotei 
that the sum of the quantities a and b is equal to c. 

If we suppose a = 10, and 5 = 5, we have 

a + 5 = c, and 10 + 5=c=15. 

11. The sign >, is called the sign of inequality, aud ia 
used to express that one quantity is greater or less than 
another. 

Thus, a > & is read, a greater than b ; and c < c? is 
read, e less than d\ tnat is, the opening of the sign is 
turned towards the greater quantity. Thus, if a = 9, and 
6 = 4, we write, 9 > 4. 

12. If a quantity is added to itself several times, as 
« + a + a + a + a + o, we generally write it but once, and 
then place a number before it to show how manjp times it 
is taken. Thus, 

. a +a + a + a-^- a=^ha. 

9i How many signs are used in diviaioD t What are they t 

lOi What is the sign of equality! When placed between two 
qnantitiea, what does it indicate t 

111 For what is the sign of inequality osedt Which quantity it 
placed on the side of the opening f 

ISi What is a co-efficient t How many times is ah taken in the es- 
presBionaftf InZaht InAabX Infio^? lD6a&l If no oo effideni 
W writltn, what «o-effici6^i is vulerstcod f 
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The number 5 is called the co^fficmnt of a, and denotof 
that a is taken 5 tinges. 

If the coefficient is 1, it is generally omitted. Thus, a 
and 1 a are the same, each being equal to a, or to one a. 

13* If a quantity be multiplied continually bjr itself, ar 
aXaXaXaXa, we generally express the product by 
f»riting the letter once, and placing a number to the iigbl 
of, and a little above it : thus, 

aXaX a,Xaxa=a\ 

The number 5 is called the exponent of a, and denotes 
tlie number of times which a enters into the product, as a 
&ctor. For example, if we have a\ and suppose a « 3, 
we write, 

a^=:ax a Xa =8^ = 3x3x3=^ 27. 
If a =r 4, a3 = 43 = 4 X 4 X 4 = 64, 

ahd for o = 5, a3 = 5^ = 5 X 5 X 5 = 125. 

If the exponent is 1, it is generally omitted. Thus, «' is 
the same as a, each expressing that a enters but once as a 
factor. 

14. The power of a quantity is the product which results 
from multiplying that quantity by itself a certain number 
of tines. Thus, 

a3 = 43 = 4 X 4 X 4 = 04, 
64 is the third power of 4, and the exponent 3 shows the 
degrt4 of the power. 

16. The sign y/ , is called the radical sign, and when 

I81 What does the exponent of a letter denote t How many timei 
<« a fiictor in a* Y In a' Y In a* Y In a* I If no exponent is written, 
what exponent is understood f 

14i What is the power of a quantity Y What is the third powei 
oi 2 Y Express the fourth power of a Y 

15* Express the square root of a quantity Y Aho the cube rool 
Also the 4th root 
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prefixed to a quantity, indicates that its root is U e ex- 
fractod. Thus, 

^/cToT simply y^denotes the square root of a. 
Y^denotes the cube root of a. 
^/oTdenotes the fourth root of a. 
The number placed over the radical sign, is called the tV 
itx of the root. Thus, 2 Is the index of the square root) 8 
of the cube root, 4 of the fourth root, <kc. 
If we suppose a = 04, wp have 

V64=8 ^ = 4. 

16* Every quantity written in algebraic language, that 
is, with the aid of letters and signs, is called an algebraic 
qnantitv, or the alegebraic express^ion of a quantity. Thus, 

( is the algebraic expression of three 
{ times the number a ; 
( is the algebraic expression of five times 
I the square of a ; 

^ is the algebraic expression of seven 
7a^6* < times the product of the cube of a by 
( the square of h ; 

!is the algebraic expression of the differ- 
ence between three times a and five 
times b ; 
is the algebraic expression of twice the 
square of a, diminished by three tiniea 
the product of a by b, augmented by 
four times the square of 6. 
1 Write three times the square of a multiplied by the 
Oub« of b. Am. Sa^ft? 

16* What is an algebraic qnantity ? Is hah an algebraic quantitf t 
fi ira 13 <ty I Is 8& — ;i t Oive other esniiiplus. 



8a^ Zah + 462 
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2. Write nine times the cube of a multiplied by by dimiD 
ibhed by the square of e multiplied by d. Ans. ^aH — c^ 

3. If a = 2, 6 = 3, and c = 5, what will be the value of 
8a^ multiplied by b% diminished by a multiplied by b mul 
tiplied by c. We have 

3a2^2 - adc = 3 X 22 X 3? - 2 X 3 X 5 = 78. 

4. If a = 4, 6=6, c = 7,. (/ = 8, what is the value of 
©o' + ftc-arf? An8.l54 

5. If a = 7, 6 = 3, c = 7, i = I, what is the value of 
Qad + 362c - 4(P 1 Am. 227 

6. If a = 5, 6 = 6, c = 0, cf = 5, what is the value of 
9abc "Sad + Abc'i Am. 1564 

7. Write ten times the square of a into the cube of b into 
c square into the cube of d. 

17. When an algebraic quantity is not connected with 
any other, by the sign of addition or subtraction, it is caUed 
a monomial^ or a quantity composed of a single term, or sim- 
ply, a term. Thus, 

3a, 5a2, 7a^\ 
are monomials, or single terms. 

18. An algebraic expression composed of two or more 
parts, connected by the sign + or — , is called sl polynomial^ 
f r quantity composed of two or more terms. For example, 

3a -56 and 2a^^Scb + W 

are polynomials. 

19. A polynomial composed of two terms, is called a 
bino7nial ; and one of three terms, is called a trinomial. 

17. What is a monomial t Is Zab a monomial f 

18* What b a polynomial f Is 8a — 6 a polynomial I 

19* What is a biTiuniial f What ie a tritiouiiul t 
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IM. £a«ii of the literal factors which compose a term ii 
called a dimension of the term : and iheT degree of a term ii 
the number of these factors or dimensions. Thus, 

«. j is a term of one dimension, or of th« 
( first degree. 
, (is a term of two dimensions, or of tbt 
( second degree. 

^ jji3_~ f j is of six dimensions, or of the sixth di»- 

- aaa cc | ^^^ 

21. A polynomial is said to be homogeneous^ when all its 
terms are of the same degree. Thus, the polynomial 

3a — 25 + <? iii of the first degree, and homog«ineous. 

— Aah + 62 is of the second degree, and homogeneous. 
5a'c — 4c^ + 2c^d is of the third degree, and homogcneoca, 

Sa^ + Aah + c is not homogeneous. 

22. A vinculum, or bar ^ or a parenthesis ( V 

is used to express that all the terms of a polynomial are w 
be considered together. Thus, 

a -I- 6 -f c X 6, or {a-\-h f c) X 6, 
denotes, that the trinomial a + 6 + c, is to be multiplied by f . 
also, a + h + c X c + c^+Z, or (a + 6 + r) X (c + rf+/), 
denotes that the trinomial a + 5 + c, is to be multiplied by 
the trinomial c + c? +/. 

When the parenthesis is used, the sign of multiplicatiop 
•« usually omitted. Thus, 

(a -\- h ■\- c) X h is the same as (a -f 6 + c)6. 

20. What ifl the dimension of a term I What ia the degree of • 
term I How many factors in %abe I Which are they f What is iti 
Jegr<M; f 

21. When is a polynomial homogeneoast Is the polynomtaJ 
Ski"6 + 3a*&' hnmogeneous ? Is 2a*6 — 6' ! 

92* For what is the Tinculum or bar used $ Can yon express cht 
iftiiM! with the parenthesis t 
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28. If two or more terms of a polynomial contain lh% 
same letters, and the same letter in eadi have the same ex 
ponent, such are called 9imilar temu. 

Thus, in the polynomial 

lab + 3ab - 4a3fta + 5a36«, 
the terms lab, and 8a6, are similar: and so also are the 
terms ^ 40^6^ and 5a^\ the letters and exponents in both 
being the same. But in the binomial Sd^b -f lab^^ the 
terms are not similar ; for, although they are composed ot 
the same letters, yet tne same letter in each is not affected 
with the same exponent. 

REDUCTION OF ALGEBRAIC EXPRESSIONS. 

24. The simplest form of a polynomial, is an equis aient 
expression containing the fewest terms to which it can be 
reduced. When a polynomial contains similar terms, it 
may be reduced to a simpler form. 

1. Thus, the expression 3ab + 2a6, is evidently equal 
to oab. 

2. Reduce the polynomial Sac + 9ac + 2ac to its sim 
plest form. Ans, I4ac. 

3. Reduce the polynomial abc + 4abc + babe to its sim 
plest form. 

In adding similar terms together we abc 

take the sum of the co-efficients and 4abc 

annex the literal part. The first term, babe 

abcy has a co-efficient 1 understood, lOabc 
(Art 12). 

28* Wliat are similar tenna of a polynomial I Are 8a*ft and 6a*V 
■imilart Are 2a*6' and 2a'6M 

24i What 18 the simplest form of a polynomial t If the terms ata 
pueitire and simi^'u*. may they be reduced to a simpler form I lu wba^ 
vrny ? 



DKFIKITIUN OFTAKMS. 41 

25. Of the different terms which compose a polynomial, 
iome are preceded hy the sign +, and the others by the 
sign — . The former are called additive terms^ the latter, 
fubtraciive terms. 

When the first term of a polynomial is not preceded by 
uij sign, it is understood to be affected with the sign +• 

1. John has 20 apples and gives 5 to William: how 
many has he lefl 1 

Now, let us represent the number of apples which John 
hjw by a, and the number given away by b : the numbei^be 
lias lefl will then be represented by a — 6. 

2. A merchant goes into trade with a certain sum oC 
money, say a dollars ; at the end of a certain time he hat 
gained b dollars : how much will he then have ? 

If instead of gaining, he had lost b dollars, how much 
would he have had 1 Ans, a^ b dollars. 

Now, if the losses exceed the amount with which he 
began business, that is, if b were greater than a, we must 
prefix the minus sign to the remainder to show that the 
quantity to be subtracted was the greatest. 

Thus, if he commenced business with 12000, and lost 
$3000, the true difference would be — 11000: that is, the 
sub tractive quantity exceeds the additive by 11000. 

3. Let a merchant call the debts due him additive, and 
the debts he owes, subtractive. Now, if he has due him 
$600 from one man, $800 dollars from another, |300 from 
another, and owes $500 to one, (200 to a second, and $50 
to a third, how will the account stand 1 Ans, $950 due him. 

35f Whaf are the terms called which are preceded by the sign + 1 
f^'hat are tie terms called "which are preceded by the sign — t If no 
lign is prefixed to a term, what sign is understood ? If some of the 
trsrms an3 additive and some subtractive, may they be reduced if simi 
larf Give the rule for reducing them. Dues the reduction affect tbii 
^s.xp<.Jl<lltu, or only ihv Ci^cfTicieiits t 
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4. Ueduce to its simplest form the expression 
3a26 + 6a^b - ^^ + Aw^b - 6a*6 - a^h. 
Additive terms. Subtractive krmi. 

f ba^b - 6a»6 

+ 4a^6 - a^b 

Sud: + 120^6 Sum — 10a*6. 

Bat, 12a26 - lOaH = 2a2i. 

yence, for the reduction of the similar terms of apoljQu 
mial we have the following 

RULE. 

I. Add together ilie co-efficients of all the additive terms^ 
and annex to Hieir sum the literal part ; and form a singb 
subtractive term in a similar manner, 

n. Then^ svbtraci the less co-efficient from the greater^ 
and to the remainder prefix the sign of the greaier co- 
efficient^ to which annex the literal part 

RsMARK. — It should be observed that the reduction afieds 
only oo-effidents, and not the exponents. 

EXAMPLES. 

1. Reduce to its simplest form the polynomial 
-f- 2a^bc^ - 4a36c2 + ^^bc^ - ^^be^ + llatA 
Find the sum of the additive ar d 'subtraotive terms sepn 
rtitel)', and take their difference: thus, 

Additive terms. Subtractive terf^ts, 

+ 2a^be^ - Aa^bc^ 

+ Oa^bc^ -Ja36t» 

+ lla^be^ Sum - I2a'ie'* 

Sum + 19a3fec» 

Hence, we have, I9a^bc^ - Itla^bi:!^ x 7a^bc\ 
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2. Reduce the polynomial 4a«6 — Bd^h - daH + iia^h 
to its simplest form. Ans, -* 2a^6. 

3. Reduce the polTiiomial 7a6c* — abc* — 7a6c* + SaW 
+ 6a6c^ to its simplest form. Ans. ISfiftc'. 

4. Reduce the polynomial 9c6^ — 8ac* + 15c6^ + 8ra 
I Oae^ — 24c6^ to its simplest form. Atis, a€^ •{- 8m. 

The reduction of similar terms is an operation peculiar tfi 
algebra. Such reductions are constantly made in AlgehraU 
Addition^ Subtraction^ Multiplication^ and Division, 



ADDITION. 

26. Addition in Algebra, is the process of finding the 
simplest equivalent expression for several algebraic quan 
titles. Such equivalent expression is called their sum, 

1. What is the sum of 

Sax -h 2«6 and + 2ax -|- ah, 

Sax + 2ah 

We reduce the terms as in Art. 25, — 2ax + ah 

and find for the sum ...... ax + Sab 



Io_ 



The result is 3a + 5 6 + 2c 

an expression which cannot be reduced to a more simple 
form. 



I Si What is additioL in Algebra t What in such aimplest and oqui 
fii>n( expresraAio called t 
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The result after reducing (Art 26), is . . i3a*6^ 

2a' — 4a6 

8. Let it be required to find the sum 

of the expressions 



{2a' — 4a6 
3aa-.8a6+ 6> 
2fl &-5y 



Their sum, after reducing (Art. 25) is . 5a' — bob — 46^ 

27. As a course of reasoning similar to the above would 
apply to all polynomials, we deduce for the addition of 
algebraic quantities the following general 

RULE. 

L Write dawn the quantities to be added so that the similar 
tirms shall fall in the same column, and give to each term its 
proper sign. 

IT. Reduce the similar tertns, and after these results^ write, 
with their proper signs, the terms which cannot be reduced, 

KXAMPLXS. 

1. What is the sum of Sax^ 6ax^ — %ax^ and \^axA 

Ans, 10a«. 

2. What is the sum of 4a6 -f 8ac and 2«6 — 7ac + d% 

Ans Gab f oe 4 4 

3. Add together the polynomiisils, 

3a» -.26* -4a^, 5a' - 6' + 2ab, and 3a6 - 3e' - 2««. 

The term 3a' being similar to 
5a', we write 8a' for the result 
of the reduction of these two" 
terms, at the same time slightly 
jrossing them, as in the first term. 

W, Q'wv Hie rule fiir the vdJitioo of Al^elmic qu]itititie& 



5^2 + 2^6- b^ 

-h ^b ~ 26' - 3c« 

8a' 4- a6-56''-3i:' 
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Passing then to the term — 4aby which Is similar to + 2db 

and + 3a&, the three reduce to + a6, which is placed after 

6a', and the terms crossed liiLe the first term. Passing 

then to the terms involving 6', e And their sum to be 

- 5b\ after which we write — 3c*. 

The marks are drat^n across the terms, that none of iheki 
aay be overlooked and omitted. 



(4) 
a 


(5) 
6a 


(6) 
5a 


(7) 
3ab 




(8) 
Sae 


a 


5a 


5b 


5ab 




6ae 


2a 11a 

(9) 

7o6c + 9ffit 


5a + 5& 

(10) 
8ax + 3b 


8ab 


( 
12a- 


Mae 

11) 
- 6« 


~3abe- 


-Sax 


box -9b 


- 


-8a- 


- 9e 



4abe + 6ax 13aa; — 66 9a — 15c 

NoTB. — ^If a=:5, 6 = 4, c = 2, :r=r], what are thi 
Bcmerical values of the several sums abov^ found 1 

( 12 ) ( 13 ) ( 14 ) 

9a +/ 6ax — 8ac 3a/4' g + m 

— 6a + y — 7 ax — 9flc ag - 3a/ — m 

— 2a — / ax + I7ac ah - ag f 3^ 

a+g oH'"^ 



(15) (10) 

7« + 3a6+ 3c Sx^ + dacx-i 13a26V 

— 3* — 3a6— 5c — 7«» — 13aca5^ 14a26V 

&g — 9a6— 9c ^4a^+ 4acx -> 20a*6 »c» 

9a. — 9q6-, lie — agg + 4 tal^i^ 

(17) (18) 

22A - 3c — 7/+ Sg I9ah^ + 3a36* ~ 8aar* 

■^ 3A+8c-->2/-9^+5;t - 17a A* - 9a«6^ 4 Oojp^ 

19A + 5c-9/-6j)r + 5g 2aA]j~6a36H •i'' 
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(19) (20) 

7« — 9y + 6« 4- 3 — ^ 8a -f * 

,^ x — Sy — 8— ^ 2a— 6+« 

. 2« + 6y + 32 - 1 - .</ — 66 - 3e 4 Sif 

ap + 8y-5g + 9- y - 5a + 7e ^ Sd 

4ap -f 3y + +4 + 5^" 2a — 56 + 5<? -^ Sil 

21. Add together — 6 + 3c — rf — 1 15e + 6/ — 5^, 3ft 
..2c -3rf -« +27/, 5c--8<f + 3/-7y, -76-6c 
+ 17rf+9c-5/+ll^, -.36«.M--2c+0/-.9y + A. 

^n*. --86 — 109c + 37/- 10^ + il. 

22. Add together the polynomials, 7a26 — 3a6c — 86^ 

-9c» + «P, 8a6c - 5a«6 + 3c3'^ 462c + cflP and 4a*6 

- 8c» + 96«c - 3rf3, 

Am. 6aa6+5a6c-86»c-14c3 + 2«P. 3rf». 

23. What b the sum o4 5a>6c + 6&e - 4q^, - 3a^6c 
-.66ar+14i|^, - ^+96a? + 2a26c, + 6a/ - 86* + Oa^^r. 

Ans. ] Od^bc + 6* + 15a/. 

24. What IB the sum of, a^^ + 3a3m +6, — 6a^' 
-6a3m — 6, + 96 — 9a3m — 5aW. 

Am. - lOa^n^ - \2a^m + 96. 

25. What is the sum of, 4a362c — 16a** — daa^d, 
+ 6a362c - Qax^d + 17a*a?, + 160^3^ - a^x - 9a362c. 

Am, aWe + ax^d, 

26. What is tiie sum of, - 7^ + 36 + 4^ — 26, + 3^ 
^36 + 26. Am. 0. 

27. What is the sum of, a6 + 8«y ^m-^Hy — Oajy 

- 3m + lln + erf, + 3ajy + 4m — lOn +fy. 

Am. a6 + cd + /g. 

«S. What is the sum of, 4ity + n + 6a« + 9am, — (jx$ 

i 6« — 6ajr — 8am, 2zy — 7ii + « — am, A^i. -i us 
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29. Add the polynomials Wa^x^b - I2a^cb, 5aVft 
f I4ahb - lOaa?, - 2a^x^b - 12a3c6, and - ISa^r'i 

- 12a3c6 + 9(M?. Ans, 4a^x^b — 22a3c6 — ax, 

30. Add together 3a + 6 + c, 5a -f 26 + 3ac, a + < 
+ otf, and — 3a — 9ac — 86. Ans, 6a — 56 4- 2c — 5ac. 

31. Add together 5a»6 + 6ca? + 96c2, 7cx — Sa^b, ar.d 
-15car — 9^c2 4- 2a26. Ans. - a^b — 2cx 

S2. Add together 8ax + 5a6 + 3a26V, — 18aa; -f 6a 
^- 10a6, and lOaa; — 15a6 — 60^6 V. 

Ans, - 3a26V f- 6a«. 
83. Add together Sa^ + 5tt262c2 - 9a% la^ - Sa^^c^ 

- lOa^a-, and 10a6 + 16a26V + I9a3a;. 

Ans, lOa^ + 13a26V -|- 10a6 



A- 



SUBTRACTION. 



£8* Subtraction, in Algebra, is the process of finding th«j 
simplest expression for the difference between two alge- 
braic quantities. 

Thus, the difference between 6a and 3a is expressed by 
. 6a — 3a = 3a ; 
and the difference between 7a''6 and 3a^6 by 
7a36 - 3a36 = 4a36. 

In like manner, the difference between 4a and 36, if 
expressed by 4a — 36. Hence, 

Jf the quantities are positive and similar^ subtract the co» 
eJidentSj and to their difference annex the literal part. If 
they are not similar y place the mimis sign before the quantity 
to be subtracted. 

88i What is rabtraetion 'a Algebra! How do you find this di£fei- 
Mice nrhen tLe qnantities are positive and similnr ) When the} ore not 
wnilar, how d ) yuu ezprcaa the diflfereno; ' 
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From 


(1) 

8ab 


take 
Rem. 


2ah 
ab 


From 


(4) 
16a«6»c 


take 


QaWc 


Rom. 


7o'6='c 


From 


(7) 
Zax 


take 


8c 


Rem. 


Saa; — 8c 



(2) 
6a« 

Sax 
(5) 

(8) 
4a6« 



4abx — - 9ae 



(8) 

7a6c 
2a6c. 

(6) 

(9) 
2am 

a* 

2am — ax. 



29. Let it be required to subtract from 4a 

the binomial 26 — 3c 

The difference may be put under the form 4a — (26 — Sc) 
We must now remark that it is the difference between 2i 
and 3c which is to be taken from 4a. 

If then, we writ« 4a — 26, 

we shall have taken away too much by the unite in 3c; 
hence, 3c must be added, to give the true remainder, which 
is 4a — 26 + 3c, 

To Olustrate this example by figures, suppose a ~ 5, 
6 = 5, and c = 3. 

We shall then have 4a :=; 20 ~ 

and 26 — 3c = 10 — 9 = 1 

which may be written 4a -- (26 — 3c) = 20 — 1 = 19. 

894 If 26 — 8e 18 to he taken from 4a, ^hat is proposed to. be d sie I 
It* yoa subixact 26 from 4a, hare you taken too much f Hpw t!wi 
luqyt y du supply the deficiency I 
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' lit^re it is required ti> subtract 1 fiom 2o. If, tlien, we 
subtract 26 == 10, from 4a =r 20, it 'a plain tiiat we shall 
ha\'e taken too much hj 3c = 9, which must therefore be 
added to giy& the true remainder. 

80. Hence, for the subtraction of algebraic quantitiesi we 
kftf e the following general 

BULB. 

I. Write the quantity to be subtracted under thatjrom which 
it is tb be taJcen^ placing the similar terms, if there are any, in 
tite same column, 

II. Change the signs of all the terms of the subtrahend, or 
conceive them to be changed, and tJien reduce the polynomial 
result to Us simplest form. 

SXAMFLSS. 

(1) %^ (1) 

From6a;-5a6+ c» s's'f 6ac-5a6+ c* 

Take 3ac + 3a5 + 7c ip -3ac-3a6-7c 



Rem. 3ac — 8a6+ c^ — 7c. h J l-d 

From 6cM? — a + 36^ 
Take Ooa? — «+ h^ 



Rem. — 3aa; — g + a;+ 26^ 

(4) 
From 5a3-4a26+ Zhh 
Take - 2a3 + 3ag6~ Sft^c 
Rem. 7a3-7a26+lU2c. 



-i 3ac — 8a6+ c^ -lo. 


1 w 

Qyx- 
yx- 


(3) 

- 3«« + 56 
-3 + a 


byz- 


■3«» + 3+6i-* 


4ah- 
bab- 


(5) 
- erf+3a» 
• 4ci + 3a» + 5P. 


- db + Zcd-bh\ 



JIC« GiTW tho rnle fcr tho robtnction of Algebraic q-aaotitiedL 

3 
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6. From 6am + y take 3am — v. An^. 3am -k » k- y* 

7. From ^ax take Zax — y. Ant. + y. 

8. From la^b^ - «» take ISa^i* + x\ 

Ans. ~lla26»-aj5«, 

9. From - y + 3« — Ssr take — 6/ — 5m - 2x f 
%d I- 8. ^iw. — /+ 8m — 6ar - 3rf - 8 

10. From - a — 56 + 7c — rf take 46 - c + 2rf |- 2it. 

^n*. — a — 96 -f 8« - 3rf - 2*. 

11. From . . - 3a+ h - 8c+ 7e - 5/+ 3A - 7a? - 13y 
take I? + 2a - 9c + 8« - 7« + 7/- y - 3/ - it. 

Am. -5a + 6 + c-e- 12/+ 3A - 12y + 3^ 

12. From a + h take a — 6. ^iw. 26. 

13. From 2« — 4a — 26 + 5 take 8 - 56 + a + 6.t?. 

Am. — 4« — 5a + 36 — 3. 

14. From 3a + 6+c — rf — 10 take e + 2a — d. 

Ans. a + 6 — 10 

15. From 3a+6 + c-rf — 10 take 6 - 19 + 3a. 

Ans. c — rf + 9. 
10 From 2a6 + 6^ - 4c + 6c - 6 take 3a»-c + 6». 

Ans. 2a6 — 3a2 — 3c + 6c — 6. 

17. From a' r 36»c + a6« — a6c take b^ + ab^ — dbc. 

Ans. a3 + 362c — 63. 

18. From 12« + 6a — 46 + 40 take 46 — 3a + 4ar + 6d 
- 10. Ans. 8* + 9a — 86 — 6rf + 50. 

19. From 2a; — 3a + 46 + 6c — 50 take 9a + a? + 66 - 
V-40. Ans. a?— 12a — 26+ 12c-. 10. 

20 From 6a —46 -- 12c + 12« take 2a? - 8a + 46 — 6c. 

Ans. 14a — 86 — 6c + lOai 

2i. From &i6c - 1263a + 6cx — 7ary take 7ca! — ary — 

(36%. An$. Sale + 6^0 — er -* Oay 
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81 Polynomials may be subjected to certain transfornia 
UonS) by the rule for subtraction. 

First example, . . 6a« — 3a6 +26* -Hbe, 
becomes ... .6a* — (3ai — 26* + 26c). 

Second Ta^ - Sa^b - 4b^€ + 66», 

becomes 7a^ -(8a«6 + Uh ^ 66»), 

or, again, Ta^ — Sa^i — (46*c — 66*). 

Third Sa* - 76* + c - rf, 

becomes Sa^ —(76* — c + rf). 

Fourth 9^3 — a + 3a2 — rf, 

becomes 96^ — (a — 3a* + rf). 

32. Rbmare. — From what has been shown in addition 
and subtraction, we deduce the following principles. 

1st. In algebra, the term add does not always, as in arith- 
metic, convey the idea of augmentation ; nor the term «^m, 
the idea of a number numerically greater than any of the 
numbers added. For, if to a we add — 6, we have a — 6, 
which is, properly speaking, a difference between the num- 
ber of units expressed by a, and the number of units ex- 
pressed by 6. Consequently, this result is numerically lesd 
than a. , To distinguish this sum from an arithmetical sum, 
it is called the algebraic sum. 

Thus, the polynomial 2a* — 3a*6 + 36*c is an algebraio 

31. How may joa change the form of a polynomial ? 

32. In algebra do the words add and sum convey the same ideas as 
in arithmetic? What is the algebraic sum of 9 and —4? Of 8 and 

— 2 ? May an algebraic sum ever be negative 7 What is the sum of 
4 and — 8 ? Does the word subtraction, in algebra, always convey the 
dea of diminution ? What is the algebraic difference between 8 and 

— 4 ? Between a and —bt 
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sum of the monomials 2a\ — Sa^^, + 36^c, with thcii 
respective signs; but, in its numerical cLCceptatio t, it is the 
arithmetical difTerence between the sum of the units con 
tained in the additive terms, and the sum of the units coiv- 
iained in the subtractive terms. 

It follows from this, that an algebraic sum maj, in th« 
Dumerical applications, be reduced to a negative number, or 
a number affected with the sign — . 

2d. The word subtraction^ in Algebra, does not always 
convey the idea of diminution ; nor the term difference^ the 
idea of a number numerically less than the minuend : for, 
the numerical difference between + « and — b being a + J, 
exceeds a. This result is an algebraic differeneey and can be 
put under the form of 

a-.(-.6)=a + ft. 



MULTIPLICATION. 

33. If a man earns a dollars in one day, how much will 
he earn in 6 days 1 Here it is simply required to take the 
number a, 6 times, which gives 6a for the amount earned. 

1. What will ten yards of cloth cost, at c dollars per yardt 

Ans. 10c dollars, 

2. What will d hats cost, at 9 dollars per hat? 

Ans. 9d dollars 
8. What will b cravats cost, at 40 cents each? 

Ans. 40b cents. 
4. What will b pair of gloves cost, at a cents a pair 1 

88- If a man efuns a dollars in 1 day, how much will he earn m « 
dayaf In 6 days! In 8 days! In 12 days ? If he earns e doUorR f 
^y, bow much will be earn in d days t What is multiplicaum: f 



multaPlioation. i>d 

Here it is plain that the cost will be found hy repeatiLg b 
as many times as there are units m a : Hence, the 308t is 
ab cents. Hence, we infer that, 

Multiplication^ in Algebra^ is the process of taking ont 
quafUityy called the multiplicand^ as many times as there are 
unifs in another^ called the multiplier, 

34. If a man's income is 3a dollars a week, how much 
will it be in 46 weeks 1 Here we must repeat 3a dollars aa 
many times as there are units in 46 weeks ; hence, the pro- 
duct is equal to 

3a X 46 = I2ab. 

If we suppose a = 4 and 6 = 3 the product will be equal 
to 144. 

Remark. — It is plain that the product I2ab will not be 
altered by changing the arrangement of the factors ; that 
is, I2ab is the same as a& x 12, or as ba X 12, or as 
a X 12 X 6 (See Arithmetic, § 26). 

36. Let us now multiply ^'^b^ by 2aH^ which may 1 6 
placed under the form 

3a262 X 2d^b = 3 X 2aaacd)bb ; 
in which a is a factor four times, and b a factor three times : 
hence (Art. 13). 

3a262 X 2a26 = 3 X 2aaaabbb = 6a*63, 

in which, we mtdtiply the co-efficients together^ and add ih4 
exponents of the like letters, 

84« Will a product be altered by changing the arrangement of the 
fiustorsf Is Sab the eame as 8&it Is it the same as a X 86? As 
ft X 8a t 

^6i In multiplying monomials, what operation do you perform on tht 
to efl&aents t What do you do with the ezjonents of the common 
teitcre \ Wl at is iha rule for the multiplication of monomials f 
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Ilekut?, for the multiplication of monomials, we have th« 
IblloMing 

RULB. 

L liulHply the co^fficknU together far a mw eo^jficient 
II. Write after thie co-eficient all the letters which enter 
into the multiplicand and multiplier^ affecting each with at 
deponent equal to the sum of its exponents in both/actors. 

XXAlfPLBS. 

1 . Sa^bc" X 7a*(r=56a«6V<r. 

2. 2Wb*ed X Sabc*= lOSa*bYd 
8. iabcxtdf z:z 2Sabed/. 



Multiply 
2xy* 



(4) 

2a'b 
ea*b* 



(5) 
I2a'z 

12xV 
144aVy 



(6) 

GfluryV. 



2aVy» 



(8) 
3a6V 

9a'b'c 
27a*b'c* 



ij Multiply 5a^63a^ by 6c»i^. 

11. Multiply 10a*ft»c« by 7ac«?. 

12. MLllipl> da^bxy by Qa^&i^y. 

13. Multiply 3t)a«6'c«rf» by 20aJVrf*. 

14. Multiply -rojcyz by dd^b^c^d^xyz. 

Ans. 

15. Multi|>l> ISa^^'c by Subny. 



(9) 

87flra?»y 

36Vy' 
26 1a6»a;V. 

Ans. ?0a»6«c^ 

iln^. bia^b^x^y- 

Ans. 120a^i^(:»d* 

243a362cV2«VV. 
iiiif. l04M*Pcxy 



MULlIiLllATIOM &5 

16 Mullipl) ^arl/^zd hy VZa^sf^y. Am. 'HOa'y'^^dxhf. 
n Multiply l^al'^d'tj by )iOar'(^jt% 

IS. Multiply Sa^b^y* by l^r^bxt/^. Ans, 54)a'b*xy 

19. Multiply Ibaxyz by ba^bcdxhf\ Aus, 875a^6crfa:^y'^» 

20. Multiply 51aya:2 by 9a«6cVy. Ans. 450a<(rcVy3 

21. Multiply 2a^6V ^y 18a*«- -4»«. 30«*i"ay' 

22. Multiply Q^a^m^x'yz by SafiV. 

-4;w. 6l2a*b^c^m^x*jfx. 

23. Multiply Oa^ftVc^a by I2<i^*c^. Ans. 106a^b^€^d\ 

24. Multiply 2ieab'^€^d^ by Sa^iV. ^»«. 048a*6Vrf«. 

25. Multiply 70a«6Vrfya; by 12a'6V(;a:V- 

Ans. MOa^^b^Vd^iK^y^. 

36. We will now consider the most general case of two 
{Mlynomials. 

Let a represent the sum of all the additive terms of the 
multiplicand, and — b the sum of the subtractiye terms. 
Let c denote the sum of the additive terms of (he multi- 
plier, and — (^ the sum of the subtractive terms. The mul- 
tiplicand may then be represented by a ~ 6, and the mul- 
tiplier by c — d : It is required to take a — 5 as many timef 
as Jiere are units mc ^d. 

Let us jGrst take a — 6 as many 
times as there are units in c. 

We begin by writing ac, which is 
too great, by b taken e times ; for, 
it is only the difference between a 
and b which is to be taken c times. 
Hence, ac -^ be is the product of 
a — 6 by c. 

But it was proposed to take a — 6 07i/y as many timet as 
ill ere are units in the differe^ue between c and d : hence, thf 



a 


— ft 




c 


-rf 




ac 


-6c 






^ad + bd 


ac 


-ftc- 


'Od+bd. 
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last product ac —be is too large by a -^ b taken d times. 
But a — & taken d times, \a ad -^ bd. Subtracting this pro> 
duct from ae — cb (Art. 80)i and we have 

(a — 6) X {c—- d) ^ac-^bc — ad + bd, 

87, Ileuec, we have the following rule for the signs. 

W?ien two terms of the mtilttplicand and multiplier art 
mffected with like signs, the corresponding product is affected 
with the sign + / ctnd when they are affected with contrary 
signs, the product is affected with the sign — . 

Therefore, we say in algebraic language, that + multi- 
plied by +, or — multiplied by — , gives + ; — multiplied 
by +, or + multiplied by — , gives —. 

Hence, for the multiplication of polynomials we have the 
following 

BULS. 

Multiply all the terms of the multiplicand by each term cf 
the multiplier, observing that in ea^ch multiplication like signs 
give plus in the product, and unlike signs minus. Then reduce 
the polynomial result to its simplest form, 

EXAMPLES IN WHICH ALL THE TERMS ARE PLUS. 



1. Multiply . . 


3a2+ 4ab + b^ 


by . . . 


2a + 56 




6a3+ Sa^ + 2ab^ 


The product, after r<educing. 


+ 15a26 + 20a^ + 56^ 


becomes • • • • 


6a3 + 2Sa^b + 22aP + 5b\ 



87i What does + multiplied by + givot + multipUed by — 
- multiplied by + 1 — multiplied by — f Give the rule tar tU 
nultijdioation of pol jnomiaK 
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2. Multiply a^ + 2aa: + a^ hy x + a, 

Ans. x^ + Sax^ 4 3a*« 4- a> 

3. Multiply ip3 T y^ by a: + y. -47W. x* + xy^ + ar^y -f y* 

4. Multiply 3a62 + 6a V by Saft^ + SaV. 

Am, 9a26f + 27a36V + l8aV 
6. Multiply a^i* ^ ^i^ by a + 6. 

6. Multiply 3aa;2 + 9a63 + cd^ by CaV. 

^n«. 18a3c2a;2 + 54a3c263 -j GaVef* 

7. Multiply 64a3a:3 + 27a2a: + 9a6 by Sa^ctf. 

.4n«. 512a«crfa:a + 216a«afa? + 72a*M 

8. Multiply a^ + 2a« + «* by a + «. 

-4fw. o3 + 3a2« + 3a«« + aj^ 

9. Multiply a? + 3a»ar + 3a** + a:^ ][jy ^ ^ ^.^ 

-4n«. a* + 4a3a: + Ga^ar* + 4a«3 4. a^i 
It. Multiply a;2 + y2 by a? + y. 

-4n«. a:' -^- ^jy* 4- x^y + yS 
11. Multiply «* + ajy' + 7aa: by oa? + 5aa?. 

.4n«. 6aaj« + ^Mx^t + 42a2a^ 
12 Multiply a? + 3a26 + Saft* + 63 ^y a + 6. 

-4n». a* + 4a36 + Gc^J* + 4a63 + 6* 

13. Multiply a?3 + x^y + ay* + y^ by a? + y. 

Am, x* + 2a;3y + 2a?2y2 + 2a!y3 + y 

14. Multiply «3 + 2x2 + a; + 3 by 3a? + 1. 

Ans. 3a^ + 7a:3 4. ga-a ^ lOa ^ 3 



I. Multiply 
by 

The product . 
becomes after 

reducing • 



GENERAL EXAMPLES. 



2aa:— 3a6 
3a? - 6. 

eax^-^ 9abx 

— 2a5a? + ^^o^ 



3* 



6aa:«-lla6ar4 3u6» 
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2. M iltiply a* - 263 by a - j. 

An8. a» - 2ab^ - a*6 f 26« 

3. Multiply jr» — 3« — 7 by « — 2. 

4«i. «^ — 5«* - j: + 14. 

4 Multiply 3a» - 5a6 -t- 26* by a* - 7«^6. 

^»w. 3a* - 2Ga^b + 87aW — 14fl&» 

5 Multiply 6» + 6* + b^ by 6* - 1. Ans. 6» - 6« 
Al Multiply X* — 2ar3y ^ 4^2y2 _ g^ ^ igy* \^y ^^ 2y. 

7 Multiply 4a?* — 2y by 2y. ^iw. 8ir»y — 4y». 

8. Multiply 2a; + 4y by 2« — 4y. -4iw. 4a?* — 16y». 

9. Multiply «* + a?*y + ay* + y* by « — y. 

-4iM. a?* — y*. 

10. Multiply a?* + ary f y* by a^ — x^f + y*. 

^iw. a?* + «V* + y*. 

11. Multiply 2a^ — Sax + 4a?* by 5a* — 6aa: — 2a?*. 

^««. 10a* - 27a3a? + 34a*a?* - 18aa?* — 8«*. 

12. Multiply 3a?*r-2a?y + 5 by a;* + 2ay-3. 

Ans. 3a?* + 4a?3y — 4a?* — 4a?*y* + 16ay — 15. 
IS. Multiply 3*3 + 2a?*y* + 3y* by 2a?3 - 3a?V + 5y*. 
( 6a?« — 5a? V — 6a;*y* + 6a?3y* + 
^' ( 15a?3y3 - 9a?*y* + 10a?*y« + I5y«. 

14. Mu^'iply 8aa? — 6a6 — c by 2aa? + a6 + c. 

Jns. 16a*a?* — 4a*6a: — Ca^d* + 6aca? — 7a6c — A 

15. Multiply 3a* - 56* + 3c* by a* - b\ 

Ans. 3a* - 8a*6* + 3a*c* + 56* - 36V. 

16. 3c«-66(f+ cf 
-5a* + 46rf-8c/. 

Pfo.fod. . 15a* + 37a«6rf-20a*^/-206*d*+446fflJ^-.8fy*. 



IIULTIPLIOITION. Ott 

38. We will finish the subject cf algebraic multiplication, 
b/ making known a few results of frequent use in Algebra. 

Let it be required to form the square, or second power, 
•f the binomial (a + &)• We have, from known principles, 

(a + by = (a + J) (a + 6) = a» + 2a5 f b\ That Ih, 

The square ^f the m^m of two quanHHee is equal to the square 
yf the firsts plus tioice the product of the first by the seeomi^ 
plus the square of the second. 

1. Form the square of 2a + 3^« We have from the rule 

(2a +36)2 == 4a2 + I2ab + 9b\ 

2. (5a6 + 3ac)« = 25a*6« + SOa^bc + 9a^(P. 

3. (5aa + 8a»6)« = 25a* + SOa^b + 64a*6*. 

4. (6aa? + 9aV)« = SQa^x^ + lOSa^a^ + 81a*a:*. 

39. To form the square of a difference, a — 6, we have 

(a - by = (a - 6) (a - 6) = a2 - 2a6 + 6«: Thaf. is, 

The square of the difference between two quantities is equal to 
the square of the first, minus twice the product of the first bp 
the second, plus the square of the second, 

1. Form the square of 2a — b. We have 

(2a- 6)2 = 4a« - 4a6 + 62. 

2. Form the square of iac — be. We have 

(4ae -^ bcY = 16a2c2 - 8a6c2 + bh'^. 

8. Form the square of 7a262 — 12a63. We have 
(7a262 - 12a63)2 -.= 49a*6* - 168a36« + 144a26». 

88 What is iho aquare of the sum of two qiuuititieB equal to t 

88« What is the square of the difference of two quantities equal fen I 
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40. Let it be required to multiply a-i- b bj 6 - h 
We have ' 

(a + i) X (. - 6) = a» - J^ Hence, 

ITuf sum of two quanHHes, multiplied by their diffen.fice^ u 
iqual to the differtfMt of their squares. 

1. Multiply 2c + 6 by 2c — 6. We have 

(2c + 6) X (2c - 6) = 4c» - fc». 

2. Multiply 9ac + 36c by 9ac — 36c. We have 

(9ac + 36c) (9ac - 36c) = 81aV - 962c», 

3. Multiply 8a3 + 7ab^ by Sa^ - 7ab^. We ha>.* 

(8a3 + 7a62) (Sa^ - 7a6«) = 64a« - ^Oa^b^. 

FACTORING POLTNOMIALS. 

41. It is sometimes convenient to find the facti k j of a 
polynomial, or to resolve a polynomial into it« fACtora. 
Thus, if we have the polynomial 

oc + a6 + ad^ 

we see that a is a common factor to each of the torms . 
hence, it may be placed under the form 

a(c+6+rf). 

1. Find the factors of the polynomial aW + aV f ay. 

Ana. a\h» + V 4-/) 
a. Find the factors of 3a26 + 6a%^ + bM. 

Ane. 6(3a» + (ja^o + W) 



40« What it the earn of two quantitias multiplied bj their difl^•w«»« 
bqualtol 



DIVIBION. 01 

8. Hud the factors of 3a^6 + 9a^c + I8a^xy. 

Arts. Za\b + 3c + 6«y)» 
4. Find the fectors of 8a*caf — 18a«r» + 2ac*y — 30a«c»a?. 
-4w». 2ac {4ax — 9«2 + c*y — 15aVir). 
6. Find the fi^ctors of a« + 2ah + 6^ 

Am. (a + 6) X (a + 6)'. 

6. Find Jie fect^irs of a^ — h\ Am. (a + 6) x (a — 6), 

7. Find the factors of a* — 2a6 + h\ 

Ans. (a — i) X (a — i) 



DIVISION. 

42. Division, in Algebra, is the process of finding, from 
two algebraic expressions, a third, which being multiplied by 
the second, will give a product equal to the first The iirsi 
is called the dividend, the second the divisor^ and the third, 
the quotient. 

1. The division of 72a* by 8a^ is indicated thus : 
72a» 
8a3 ' 

It is here required to find a third monomial, which, mul- 
tiplied by the second, will produce the first. It is plaiu that 
the third monomial is 9a' : Hence 

.^^ ^ 9a« ; for, Sa^ x 9a» = 72a\ 

The quotient 9a', is obtained by dividing the co-efficient 
rfihe dividend 3y the co-efficient of the divisor^ and subtraeHng 
(he exponents of the common letter, 

49 What is diTisioo in Algebra ? Give the rule for diflding mnno 
fiiiiUi 



^ 
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Also, 


lab 


fo4 


7ab X 5a*be = 35a'iV. 


Again, 


Sa^be 


Ilenoe, 
lowing 


for the division of monomials we have the ki 




BULB. 



L Divide the co-efficient of the dividend by the eo-effidini 
fjf the divisor^ for a new co-efficient 

II. Write after this co-efficient^ all the letters of the dividend^ 
and affect each with an exponent^ equal to the excess of it» 
exponent in the dividend over that in the divisor. 

From this rule we find • 

l^lab^c • 30a36«rf» 

1. Divide lOr^ by 8a;. Ans. ilr. 

2. Divide 15aa?V ^7 ^V* ^«** 5a V 

3. Divide %^ah^x by 126*. Ans. '1J>x 

4. Divide 36a*6V by ^a%^c. Ans. Aal^e 
6. Divide %r-'aWc by Sa^i. Ans. Wobe 

6. Divide 99a*6 V by lla^i^ar*. ^iw. 9a6a«. 

7. Divide 108a;«y5«3 by 54r*«. ilyw. 2ary*«a. 

8. Divide 64a;VV by 16««y*af*. ^n«. Axy». 

9. Divide 96a'6V by l^^bc. Ans. Sa^b^t^. 

10. Divide 54aV(f« by 27acrf. il/w. 2a«f*rf» 

11. Divide 38a*6«rf* by 2tt3W. Ans. 19a&r 
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12. Divide 42a«6V by lahc. Ans. (iabc, 

13. Divide 64a^b^c^ by 32a*6c. u4««. 2a¥c\ 
14 Divide 128a5a?y by IGflwcy*. ^?w. 8a*a;»y3, 

15. Divide 132Wy6 by 2(fy. ^iw. 6e5rf/«, 

16. Divide ^iy^^b^i^cT by 16a36c«. Ans. KkLb^c^cT. 

17. Divide 200a8m2wS by 50a'i»». .4««. 4a»i«, 

18. Divide SOOx^y^z^ by GOayy^^i, ^„,. 5«2y^, 
19 Divide 27a*6V by 9abc. Ans. Sa^be. 
80. Divide 64ay2« by 32ay«z''. iln*. 2aV. 
21. Divide 68a^b^<^ by lla36*c«. Am, Sa^ftV. 

43. It follows from the preceiding ruh, that the exact 
division of monomials will be impossible, 

1st. When the co-efficient of the dividend is not exactly 
divisible by that of the divisor. 

2d. When the exponent of the same letter is greater in 
the divisor than in the dividend. 

3d. When the divisor contains one or more letters not 
found in the dividend. 

When either of these three cases occurs, the quotient may 
be expressed under the form of a monomial fraction ; that 
is, a monomial expression, necessarily affected with the 
algebraic sign of division. Such expressions are said to 
be in their simplest form^ when the numerator and denomi* 
nator do not contain a common factor. 

For example, 12a^6W, divided by Sa^6e\ gives 
12aW. 
Sa^bc^ ' 

43. What is the first case named in which the di?iBioD of monomiala 
wii\ nut be exact f What is the seoocd t What is the third t If either 
jf tlieee cases occur, can the exact division be made t Under what forni 
irill the quotient then remain! Maj this fraction be (iften reduced to a 
uiniplr.r form t 
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which may be reduced by dividing the numerator aid deno 
mir ator by the common factors 4, a\ b, and c, giving 

I2a^b^cd _ Sa^^rf 



Also, 



15a*6«rf* 36*rf 



44. Hence, for the reduction of a monomial fraction to 
its simplest form, we have the following 



BULE. 



SuppT^ss every factor, whether numerical or literal^ that %a 
common to both term^ of ike fraction, and the result will be 
the reduced fraction sought. 



From this new rule we find, 






(1) 


(2 


) 




876»e. 
- 6a*d' 


(3) 


(4 


) 


rfso ^"'^ - 1 : and ^'^^ 
l4aW 2ab 6ab* 


= . 


2a 
86" * 


6. Divide A9a^^^fi by lAa^be*. 






6. Divide damn by Sabe. 




2mM 


7, Divide I8a^^mn^ by 12a*b*cd. 







14* Give the nile f( i' the reducliun of a monomial fracUoiw 
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H. Divide 28a«6Vrf8 by UkA^ccTm. 

9 Divide 72aV62 bf 12aV6U 
IOl Divide 100a"6^i^in by fll5a^b^. 
11 Di>ide 96a*6«c^4/' by 75a«ca?y. 






06 

JToW 

6 



Aa^bxnm 






12. Divide 85ma»yKy by 15amV- ^iw. i?^-^- 



13. Divide 127rf5«V by 16i*«*y*. 

45. If we have expressions of the form 

a d^ u^ a^ a* 
;5^ IT 



^n<. 



127 



« ' ^ a^ 



«• a* 



and apply the rule for the exponents, we shall have 



a 






But since any quantity divided by itself is equal to 1, it 
follows duit 

— = a® = 1, — = a2~» = a« = 1, &c., 

or finally, if we designate the exponent by m, we have 

fL =: a—" = a« = 1 ; that is. 

The power of any number whose exponent is 0, » equal ^ 1 ; 
and hence, a foetor of the form a^ may be omitted, being 
equal to 1. 

4§. What 18 a* equal to f ^Vhat ia 6* equal to t What is the po\f«r 

uf cui inmhfr eqiiul ti>, when the exinuieiit of the [lower » Of 
4 
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a. Divide Ca«6Vrf by ^%'^d. 

S DiviJe da^6Vc?* by 4a2i>V</«. -iiw. 2a« 

4 Divid* 16a«W» by 8aWrf. il«#. 2rf». 

5. Divide 2film^n^x^y^ by im^^ary. ^n*. Sary 

6. Divide 96a*6V«c» by 24a***rf*c». Am. 46cP 

sioNS IN DIVISION. 

46. llie object of division, is to find a third quantity 
called the quotient, which, multiplied by "the divisor, shall 
produce the dividend. 

Since, in multiplication, the product of two terms having 
the same sign is affected with the sign +, and the product 
of two terms having contrary signs is affected with the 
sign — , we may conclude, 

1st. Tliat when the term of the dividend has the sign -}-, 
and that of the divisor the sign of +> the corresponding 
term of the quotient must have the sign + , 

2d. When the term of the dividend has the sign +9 and 
that of the divisor the sign — , the corresponding term of 
the quotient must have the sign — , because it is only the 
*'g" -~» which, multiplied with the sign — , can produce 
the sign + of the dividend. 

19. \Vliat will the quotient, multiplied by the divisor, be equal to I 
If the multiplicand and multiplier hare like signs, what will be the sign 
of the product t If tliey have contrary signs, what will be tlie sign of 
the product ? Wheii a term of the dividend and the teim of the diyisof 
bavf) the same sign, what will be the sign of the conespanding terui off 
th() (ju Jtieut < When they have different signs, what will be the t^fpx of 
tltc U'i:u of liie quttticut t 
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8d. WhGa the term of the dividend lias the sign — , and 
that of the divisor the sign +, the term of the quotient 
must have the sign *-. A«;ain we say for brevity, that, 

+ divided by +, and — divided by — , give + ; 
— divided by +, and + divided by -, give — . 



aXAMPLXS. 

L Diviio4a« by —2a. Ana* —24; 

Here it is plain that the answer must be — 2x ; for, 
— 2a X — 2ir = + 4ar, the dividend. 

2. Divide 36a3«» by — 12a»ir. Jm. - Sax 

3. Divide - bSa^b^e^tP by 29«26*c. Ana. - 2aAcrf2 

4 Divide - 84a*6«<i3 ^y « ^la^^. Ana. 2a^^^ 

5 Divide 64c*cPa?3 by liie^dx. Ana. 4d*«« 

6. Divide -SSb^x^y^ by -2465ct&». Ana. + ^^ 

7. Divide 77a*yV by -llaV«*. Ana. —7 

8. Divide 84a*b^c^d by - 42a*6Vrf. Ana. - •i 

9. Divide — 60a'&«c*i by ^l2aH^c^<P. Ana. +6~, 

abed 

10. Divide — 88a*6V by 8a*6«c«. Ana. — llaA. 

11. Divide Uvt^ by - 8a?. Ana. - 2x. 

12. Divide — 15a*ary3 by 3ay. J/w. — 5aj;y2. 

13. Divide - Mab^x by — 126». ^n*. 7aA* 

14. Divide - 9(M^b^€^ by 12a36<r. -4n«. - 8a6c». 

15. Divide - 144a»i>Vrf» by - 30a*dVdL -4«*. ia^b^cd^. 
10. Divide 256a36cV by — lOa^c**. Ana. -• 16a6«i 
17, Divide - 300a^b*c^x^ by' 30a*6Va^. Ana. - llaha 
18 Divide 500.^^6^ by - 100:i'&»c«. yl«^. — •ki/>i:' 



a» - 2ar -1- a^ 

a^ — ax 


a — « 
a — aj 


— ax + z^ 
" ax + x^ 


Quotient. 
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19. Divide - 64a«6V by - 8a*5V. Ans. 8a6c 

aO. Divide + 96a*6*rf3 by — a4a*W. -4n*. — 4a6V. 
21 Divide 72a*63c^ by - 8a<^»A i4n#. — 9aW. 

)( Dwisicn of Pohpiomiah. 

FIRST EXAMPLE. 

47. Divide a^ — 2ax + ar* by a — a?. 

it U found most convenient, Dividend, JOiviior, 

b division in algebra, to place 
the divisor on the right of the 
dividend, and the quotient di- 
rectly under the divisor. 

We first divide the term a*, of the dividend, by the term 
to of the divisor : the pattial quotient is a, which we place 
under the divisor. We then multiply the divisor by a, and 
subtract the product a^ — ax from the dividend, and to the 
remainder bring down a:*. We then divide the first term 
of the remainder, — oaf by a, the quotient is — a?. We 
then multiply the divisor by — a?, and, subtracting as before, 
we find nothing remains. Hence, a — a; is the exact quotient. 

In this example, we have written the terms of the dividend 
and divisor in such a manner that the exponents of one of ths 
letters go on diminishing from left to right. This is what Is 
called arranging the dividend and divisor with reference to 
that letter. By this preparation, the first term on the left 
of the dividend is the one which must l>e divided by the 
first on the left of the divisor, in order to obtain the first 
term of the quotient. 

47i What do yon nnderstand by arranging a pi^lynomial witb refer 
!Uoe Ui a. fMiHu'iilar Ir'ter t 
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48 Hence, for the diyiuon of polvLomials, we ha^e this 

BULE. 

I. Arrange the dividend and divisor with reference to tne 
Wfn€ letter J and then tUvide the firet term on ths left of tne 
dividend hy the firet term on the left of the divisor^ the retull 
19 the firet term of the quotient ; multiply the divisor hy Viu 
term^ and subtract the product from the dividend. 

II. Then divide the first term of the remainder by the first 
term of the divisor^ which gives the second term ofihe quotient; 
multiply the divisi>r by the second term^ and wbiract the pro- 
duct from the result of the first operation Continue the same 
process until you obtain fi>r a remainder^ or until the first 
term of the remainder cannot be divided by the first term of 
the divisor. 

SSCONP EXAUFUU 

Let it be required to dinde 

51a»&* + 10a* - iSa^b — I5a* ^ 4ab^ by Aab - 5a»+36». 
We here arrange with reference to a. 

Dividend. Divisor, 

iaa*-48a36+5Ia262+ 4a53-15^» 

— 40a^ + 57a2fta+ 4a63-155* 

-4aga6+32»»y+a4ay 

25oV-20a63-.156* 
26a«6»- 20o*3-l5ft* 



5 a^ + 4a6 -h 36^ 
M' + Sab^bV 
i^otient. 



48* OiTe the genenl rule for the diyiuon of polynomiels ? If tlie 
lint term of Uie arranged diyidend is not divisible by ihft first term of 
tbe arranged diviflor, is the exact diviaion possible t If the first term ol 
any partial dirideod is not divisible by he first term of the divisor is 
the emct dlvisioo possible I 
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Rkmabk.— ^When the first terra of the arranged dividend 
IB not exactly divisible by that of the arranged divisor, the 
complete division is impossible ; that is to say, there is net 
a polynomial ¥^^ich, multiplied by the divisor, will produce 
the dividend. And in general, we shall find that the exact 
division is impossible, when the first term of any one of the 
partial dividends is not divisible by the first term of the 
divisor. 

GENERAL SXAMFLI& 

1. Divide 18^^ by 9^. An$. 2» 

2. Divide lOz^ by - bx^. Am. — 2y 

3. Divide —dcu^^hy 9z^. Am. ^ay 

4. Divide — 8** by — 2«. Am. f- 4*. 

5. Divide lOah + 15ac by 5a. Am. 2& + 3c. 

6. Divide SOour — 54a: by Q^p. Am. 5a — 9. 

7. Divide 10*^ - ISy* ^ 5y by 6y. -4»8. 2*« - 3y - 1. 

8. Divide 12a + 3a« — 18aa?« by 3a. Am. 4 + « — 6«^ 

9. Divide 6a«» + 9a^x + aVby ax. Am. 6« + 9a + ax. 

10. Divide a* f 2aa; + «* by a + «. Ans. a + «. 

11. Divide e' — Zahf + 3ay* — y* by a — y. 

. Am. «» — 2ay + y\ 

12. DiY-de 24a?6 - \2a^e^ - 6«A by - M>. 

Am. - 4a + 2a^eb + 1. 
18. Divide 6«* - 96 by 3a: - 6. Am.2x^+^Lb^+%x+\^. 

14. Divide . . a* — 5a*af + lOaV — lOaV + 5a«* — 
<* by a* — 20* + «2. Am. a^ — Za^x + 2ax^ — »»• 

15. Divide 48a:* -- 70oa:> - MaH + lOSa* by 2a - 3a. 

Am. 2ix^ - 2ax - 35a\ 
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16. Divide y« - Sy^x* + 3y V - ar« by y^ - '6fz »f 
Syjr* ~ r». ^ ^iw. y^ f Sy^z + Zyx^ + r'. 

17. Divide 64a*5« - 25a2i^8 by ^'^h^ -f- 5aM. 

, 18. Divide 60^ \ 23a26 + 22ai« + h\P by 3a' {- loZ 
f 6«. ^/i5. 2a I 5/. 

19. Divide 6a«« -f 6aarV + 42a2«2 by ax + 5ax. 

^/w. a** -I- ary* + "^ojj. 

20. Divide - 15a* + 37a26rf - 29oV/- 206^^2 4. 44^^ 
- 8cy» by 3a« - 5W -f «/ Am, - Sa* -f 4M - a/. 

21. Divide x^ + ar'y' + y* by ^ — xy '\- y\ 

Am, «* + «y 4- y*. 

22. Divide «* — y* by « — y. Am. «* + «^ + ay^ 4. y3, 

23. Divide 3a* - 8a«6« + 3«V 4- 56* - 36V by a« - 6«. 

-4/i«. 3a2 - 562 4 3^2^ 

a4. Divide 6a:«-5jrV -6ar*y* + 6a;y + IS^y - 9xy 
+ 10*y + 15y» by 3x' + 2a:y + 3y«. 

-4lW. 2«3 _ 3^.2y2 ^ 5y3, 

25. Divide - c» + 16a?«* - 7a6c - \a%x - 6a«6» 4- 6ac« 
•y 8a« — 6a6 — c. -4tw. 2a« + a6 + c. 

26. Divide . . Sar* + 4ar3y _ 4^^ _ ^%yt ^ \^ _ 15 
^y 2ajy + «» — 3. ^n«. Sa:^ — 2a:y + 5. 

27. Divide «* + 32y* by ar -f 2y. 

ji»M. «< - 2J^»y + 4iry -* 8.1^3 +. 16y*. 

»'. Divide 3a« - 20a36 - 14a63 + 37a26» by 26» - 
Sab ^*^\ An9. a« - 7«6 
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CHAPTER II. 

Algdbratc F/actions. 

49. Algebraio fractions are of the same nature ai aiih 
metical fractions ; that is^ we must conceive that some unit 
one has been divided into S& many equal parts as there are 
units in the denominator, and that one of these parts it- 
taken as many times as there ar^^ units in the numerator. 
Hence, addition, subtraction, multiplication, and division, 
are performed according to the rules established for arith- 
metical fractions. 

It will not, therefore, be necessary to demonstrate these 
rules, and in their application we must follow the procedures 
indicated for the operations on entire algebraic quantities. 

60. Every quantity which is not expressed under a frac- 
tional form is called an entire quantity. 

61. An algebraio expression which is partly entire and 
partly fractional, is called a mixed quantity. 

49. How are algebraic fractiooa to be oocsideredt What doea ttit, 
denominator abowt What does the nmnerator abow t How then an 
the operatioua in fracbona to be performed t 

60* What is an entire quantity! 

CI. What is a mixed quantity t 
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CASB I. 

To reduce a fraction to its simplest form. 

68, A fraction is said to be in its simplest form, when 
diere is no common &ctor in the numerator and denomi- 
nator. The rule for reducing a monomial fraction to its 
Amplest form has already been given (Art 44). 

With respect to polynomial fractions, examples utAot tht 
following cases are easily reduced. 

I. Take, for example, the expression 

a* — 2aft + 6« * 
'Hiis fraction can take the form 

ja + b) ja^b) 

(Art. S9 and 40). Suppressing the factor a — ^ wljek 
is common to both terms, we obtain 

a + b 



a - 6 
2. Again, take the expression 

8a3 - Sa^b 

nSh expreraon can be decomposed thus: 

5a(a» - 2a6 + y) 
Qa\a — b) ' 

• 8a2(a-6) ' 



61 How do you reduce a fraction to its amplest tetmt I 
4 
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Suppressing the common ftctors a{a — 6), the result is 

5(a - b) 

8a 

Ilenoe, /o reci^eietf anyfraetion to Ua nmpleat Jbrm^ 100 rup 
pnf«t or canee/ every /actor common to the numeralbr and 
ienominator 

Nora. — ^Find the common factors of the numerator aua 
tenominator as explained in (Art 41). 

XXA3IPLB8. 

1. Reduce ^ to its simplest form. 

An.. ^+^ 



4a» + 2ac» 

2. Reduce q, ^ ' ^^^ to its simplest form. 

Sa^c + 5aV 
^«. -J 

3. Reduce ., , ■ to its simplest form. 

^^ "3?"- 

4. Reduce — to its simplest fonn. 

12c«iy» '^ 



5. Reduce 



63a 6« - 36a«^ 




96a^6'c 

G. Reduce ^t-^tt— ^ its simplest form. Ane. — 8w 

— 12a3o*c 

24&» — 36aJ* - 46 — 6a 

7. Reduce ^j^.^fZTwirV " * 8a* - lla»*^ 
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CA8K n. 

68. To reduce a mixed quantity to the form of a frao 
Ckm. 

BUIiE. 

Multiply the entire part by the denominator of ihefrae^wi ; 
aid to tiiie product the numerator^ and under the result plac4 
the given denominator. 

BXAMPLS8, 

1. Reduce ^ to the form of a fraction, 
6x7=42: 42 + 1=43: hence, 6j=y. 

% Beduoe x — ^^ ^ — « to the form of a fraction. 

X 

« — = ^ '- = — . Ane. 

X X 9 

ax '\- x^ 
%. Reduce x -— to the form of a fraction. 

Am. 



2a 



2« — 7 

4. Reduce 5 H g to tlie form cf a fraction. 

A n«-7 

^"^^ Zx ' 

„ — n — 1 

5. Reduce 1 - to the form of a fraction. 

a 

2a-« + l 



S9 How do ycm imhioo a nii&cd quantity to tho finiu uf a fraction I 
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6. Reduce 1 + 2ir — to the form of a fraction. 

bx 

10a?2+4c+3 
Ana. 



bx 

36 4- 4 
7. Reduce 2a + h^ — g — to the form of a fraction. 

^ 16a + 86.- 8c -4 
An9, ^ 



Qo^x — oh 
8. Reduce 6ar + 6 j- — to the form of afiraotion. 

. 18a?<? + 5a6 
Am. 



4a 

8 -h 6a^6^;r^ 

9. Reduce 8 + 3a6 \c%,j^ ^ *^® *^"^ ^^* fraction, 

96a5«* + 80a«ft««* - 8 
^'**- 12i^i5[ • 

3^s ^ 8c* 

10. Reduce 9 + rr- to the form of a fraction. 

a — b* 

. 9«-65»-8«* 
An$» 



a -62 

CASK m. 
64. To reduce a fraction to an entire or mixed quantity. 

BULB. 

Appfy ihe process for division until Ae first term of the 
remainder is not divisible by the first term of the divisor. To 
the quotient^ thus obtained^ add the last remainder divided by 
the denominator, 

&4i How do you reduce a frad;oii to an eiitire or mixed quantify t 
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ZZAMFLXB. 



i Reduce —3— to an entire number, 
o 

8)8966( 



1120 . • . 6 rem. 

Hence, 1120] = jini. 



{UC ~~" ct' 

2. Reduce to a mixed quantity. 






ox "^ x^ 
8 Reduce. = — to an entire or mixed quantity. 

Ans. a — «. 



ab — 2a* . , 

4. Reduce 7 to a mixed quantity. 



Ans. a -— , 





a»-a;« 



5. Reduce to an entire quantity. Ans. a + * 

a — « 



jt3 ^ l/S 

6. Reduce 2L_ to an entire quantity. 

« — y 

-4iw. «* + «y 4- y* 

7. Reduce = to a mixed quantity. 

ox 

^n* 2» - 1 + ^ 

8 Bcduc» »^'-? + ^*'' to amixed quantity. 

..«-., 32a*;r 
i4n«. i«» — 8 H ^ 
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CASK IT. 

B5. Tc reduce firaotions having different denominaior9 to 

equivalent fractions having a common denominator. 

RULE. 

Mul^ply each numerator into all the denominators excep 
Ue otTfi, for new numerators^ and all the denominators togeihm 
for a common denominator, 

XXAMPLia. 

1. Reduce |, |, and f , to a common denominator. 

1 X 8 X 5 = 15 the new numerator of the Ist. 
7 X 2 X 5 = 70 « «* « 2d. 

4x3x2 = 24 « « " 3d. 

and 2 X 3 X 5 = 80 the common denominator. 

Therefore, ^, }|, and ||, are the equivalent fractions. 

NoTX. — It is plain that this reduction does not alter the 
values of the several fractions, since the numerator and 
denominator, of each, are multiplied by the same number. 

2* Reduce — and — to equivalent fractions having 
a common dencHninator. 

axcssac I ^^ ^^^ numerators. 
6X & = ft* J 
.«nd bxc=zhe the common denominator. 

55i I! iw do you roduoo fr&cdons to a oniitmaii dciKJiiiiiinkv t 
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Hence — and -^ are the equivalent fractions. 

8 Reduce -r- and to fractions having a com- 

c 

oc oh -4- C 

nion denominator. Ans. -r- and 



be ^ be 

Sx 2h 
4. Reduce ^ — i and d^ to fractions having a 

oommon denominator. Ans. -r: — 9 -r — 1 and -:: — • 

6ac 6ac 6ac 

8 2jr 2fl; 

& Reduce -p -r-» and a-| » to fraolioDS having 

4 o a ^ 

a common denominator. 

. 9a Soar ^ 12aS + 24jr 

- "*^- 125-* IST' •^^ — T2S — 

la' a' 4- «* 

6. Reduce, -ttj -tt* ^^^ ; — ' to fractions har- 

2 8 a + « 

hig a common denominator. 

3a + ap 2o» + 2a^x 6a» + 6a;»^ 

*•• 6a + 6«' 6a +6aJ ' 6a +e» 

a 600; . a' — :b^ 

7. Reduce rrr7 --— » and — 3 — i to a common 

06 oc a 

denominator. 

. 5ac«l ISabdx , 15a<^-156ec* 

^'*'- 1565' IsSrf' *"^ — isSS ■ 

8. Reduce ^-i 1 and — r-n to a common 

5a c a + b 

ien ^minator. 

ac» + 4?»6 5a»-6ay 5ac» 

• 5««c + 6a6c' 5«2c+.5a6«' Ga^c + 5a^ 
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CASB ▼• 

66. To add fractional quantities. 

RULE. 

Reduce the fraetioM, if necessary, to a common deiuminim 
tor ; then add the numerators together, and place their msm 
wver the common denomfnator. 

X^UHPLBS. 

i. Add }, I, and } together. 
: By reducing to a oommon denominator, we haye 

6x3x5=^00 let numerator. 

4x2x5 = 40 2d numerator. 

2X3x2 = 12 3d numerator. 

2 X 3 X 5 = 30 the denominator. 

Hence, the expression for the sum of the fractions becomes 

90 40 12 142 , 
80 "•■ 30 ''^ 30 *" 30 ' 

which, being reduced to the simplest form gives 4}|«^ 

2. Find the sum of -7-9 


Here a xdxf=zad/ 



2. Find the sum of -r-, -=■» and -r- 
a J 



re ax a xf^adf j 
. cX*X/=cy [the 
exh xd:=zebd ) 



new numerators. 



And h xd X /= hdf the tfx>mmon denominator. 
„ adf ^ Of , M adf+ebf+ehd . ^ 



C6t How do you add Unctions I 
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8. To a r- add b H 

o e 

^iw. a f 6 -f 1 

oe 

4. Add -rr-t -s- anil — together. Ana. + — 

6. Add 5^ „d ^.together. Jn^ *-^lil 

6 Add* + i^to3x + ?i:^.^«..4r+15irll 
o 4 12 

7. It i^ required to add 4a:, -— -» and — 5— togethen 

-4n«. 4« + ■ . 

2ax 

& It is required to add — , -^ and — ^^ together. 

. _ . 4»«+12 
^„,.2*+ ^ 

y. It is required to add 4», -^ and 2 + — together. 

^fw. U + jg 

10« It k required to add So; +— and x — ^ together. 



45 



6f c 

II. Required the sum 0^ <*^ — gr wi^ ^ "" "T* 



4* 
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CASE VI. 

57 To subtract one fractional quantity from another. 

BULK. 

L Reduce ihejmctione to a common denominator. 

U. Suhkraet ike numerat:>r of the stibtrahend firom ihi 
mtmerator of the minuend^ and place like difference 09er the 
wmmon denominator, 

SXAMPLX8. 

3 2 

1. What is the difference between rr- and -rr* 

7 8 

8^ _ ^ _ 24 _ 14 _ 10 _ ^ 
7 8 ■" 66 56 " 56 " 28 ' 

iP--*tf 2<i *— 4j? 

2. Find the difference of the fractions ^, ■ and — 

26 Be 

„ ( (« — a) X 3c = Sea; — 3aj ) , 
^"'"i(2«-.4^) X 26 = 4a6-8&r r^"""^^'**^**- 

And, 25 X 3c 3; 66e the common denominator 

„ BexSac 4ab^Bbx 3csr— 3ac— 4a5+8&p ^ 

"'"^'-eS 66^ = 6*^ • ^'* 

12a? Sx Z9x 

8. Bequired the differaiee of *^ and — • -^^-^^^ 

4. Bequired the difference of 5y and -^. Ans, -^« 

o o 

Zx fix 13jp 

5. Required the difference of -=- and — • Ane.^-^ 



57 Huw do joc Eubtract fraciiuiia t 
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0. Required the difference between . 7" and -7* 

a 

J fix + ad — be 
^^'- id 

7« Required Uie difference of — ^7 — and — - — • 

00 o 

24ar + Sfl - lObx - 35i 

404 



^ii«. 



4t . 4* ..» ^ 

8w Required the difference of 3ar + — and* • 

0. c 

. ^ . OB + bx — ab 

Ana. 2x -| —z -•• 

be 

CASS vn. 

S8. To multiply fractional quantities together. 

Buue. 

^ the quantiHea to be multiplied are mixed^ reduce them to 
fractional Jbrme ; then multiply the numerators together for 
a numerator and the denominators together for a denomin^for. 



Operation. 



\. Multiply ^ of y by 8J. 



We first reduce the com- 


1 


.3 3 


pound fracticm to the sim- 


6 


^^ 7=42' 


ple one ^, and then the 




25 


mixed number to the equiv- 




8i = f. 


alent fraction y ; after 






which, we multiply the 
numeiators and denomina- 


Hence, 


3 25 75 25 
42^ 8 ~126~42 


lors together. 




An,:^ 



42 
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2. Multiply a -f by -=•• First, a + — = — 

"^ ^ ad a a 

„ a*+ bx e a^e + bex . 

ITenoe, — ■ x -^ = t • Ang. 

^ a d ad 

Sx 2a Ooj 

3. Required the product of — and -j- Ana, —r 

2x 3ic' 

4. Required the product of — and -^— - • 

Sx^ 

An$. T— 

5a 

2x Sah Sae 

5. Find the continued product of — » and —^ • 

Ans. 904 

bx a 

6. It is required to find the product of 6 + — and — • 

Am. f*±^ 

X 

^^^ s^ + b^ 

7. Required the product of — r- — and —r^ — • 

Ans. 



8. Required the product of « H — > and — —r • 

ax* — oa? + «^ — 1 



Ans, 



a^ + oft 



ax ' a' — *' 

9, Required the product of o + ——- by — ^-^ • 

, a* — a V 



our -|-a«* — «■ — J 



68fl flow do you mu]H)>]j fractious tpgettier t 



AL02BRA.I0 VRACTI0V8. 86 

CABX Yin. 

59. To divide one fractional quantity by another. 

RULE. 

Beduce th$ mixed' qttanHtiea^ if any, to fractional Jbrvu ; 
Cruti invert ^ terms of the divisor and multiply as in the last 
sase. 

BZAMPLE6. 

h Divide. • • • 24 ^y "ft"' 

The true quotient will be expressed by the complex 

10 

fraction ^^ ' 

Let the terms of this fraction be now multiplied by the 
denominator with its terms inverted : this wUl not alter the 
value of the fraction ; and we shall then have, 

^ = ^^=^^=i* X !=i=q«otient. 

It will be seen that the quotient is obtained by simply 
multiplying the numerator by the denominator with its 
terms invetted. This quotient may be further simplified by 
dividing by the common factors 5 and 8, giving | for the 
true quotient. 

2. Divide . . a — -t^ b j — • 



2c"" 2c 
„ b f 2ae — h g 2acg - bg " 

50. IIow ilo ym (ilvide imc fractu)!! by aiioUxrl 
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3. Let — be divided by — • 

4. Let — =— be divided by 5x. 

5. Let — 3 — be divided by -y 

o 9 

X X 

6. Let r be divided by — • 

X — 1 z 

7. Let -^ be divided by — • 

o oo 

' 8. Let ^ - be divided by —-^ • Ans, -^ ,— 
9. Let -^ — sx — r-Ti be divided by =- • 

X 

10, Divide 6a* + ^ by c* - * "" * 



^M. 


9l« 

60 




Aa*. ' 


'+1 




4r 


Am, - 


2 


Ans. 


5&r 

2a 


i.. 1 


-6 



5 -^ 2 



■ 60d« + 2^ 
10c»--6« + 6a 



II. Divide 18c« - « + 4" by a^ -^ ^ 
5 



. OO&c* — 56« + 5a 



5a«6 - 5» 



1% Divide 20«» . ^ Dy ;p» - *:;i5. 



. 20rfgyj:^-8fly 
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CHAPTER IIL 
0/ Equations of the First Degree. 



80. 'An Equation is the algebraic expression of two equa] 
quantities witJi the sign of equality placed between them. 
TousfyX =s: a + 6 is an equation, in which x is equal to the 
«um of a and h, 

61. By the definition, every equation is composed of two 
parts, connected by the sign =• The part on the left of the 
sign, is called the first member ; and that on the right, the 
Hcond member. Each member may be composed of one oi 
more terms. Thus, in the equation j; = a + &> ^ is the first 
meqiber, and a + 6 the second. 

62. Every equation may be regarded as the algebraic 
enunciation of some proposition. Thus, the equation 
;r + 2 = 30, is the algebraic enunciation of the following 
proposition : 

60* What is an equation I 

ri. Of how many parts is every equatioa eompoeed t How are the 
paitf connected with each other I What is the part on the left called t 
Vftliai is the part on the right called I May each member be composed 
if cine or more terms ! In the equation « = a -f 6, which is the first 
moniber f Which the second I How many terms in the first member I 
l]i»iv ii.atjy in thi^ 'criNtd I 
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To find a number which being added to itself^ shall giim a 
turn equal to 30. 

Were it required to solve this problem, we should first 
express it in algebraic language, which would give the 
equation 

a? -f. a: = 30. 
Bj addipg x to itseli^ we have 
2a; = 30. 
And by dividing by 2, we obtain 
a? =15. 

Httice, we see that the soladon of a problmn, by algebra 
consists of two distinct parts : viz. the statbmxnt of th« 

problem, and the solution of aa equation. 

I. The STATEMENT consists tn expressing algebraically th$ 
relation between the known and the required quantities. 

IL The SOLUTION of the equation consists in finding th£ 
values of the required quantities in terms of those which are 
known. 

The given or known parts of a problem, are represented 
either by figures or by the first letters of the alphabet, a, 6, 
0, &0. The required or unknown parts are represented by 
the final letters, x^ y, z, &o. 

EXAMPLE. 

Find a number which, being added to twice itself, the 
sum shall be equal to 24. 

68« How may you regard every equatioQ I What propositioii doca 
Ihe equation a; + » = 80 state f Of how many parts does the solution 
qI a problem by algebra, ooosistl Kame them. In what does the tst 
fiart consist I* What is the 2d part! By what are the koov/n parts of 
iprciutKiiliim rcprescntcil ? By what are the unku<m-n parts rcproseu ted > 
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Statement 
Let X denDte the number. We shall then have 

ar + 2aj r= 24. 
This is the statement 

Solution. 

Having • . . . x+2x=z2^^ 

we add . ... . . x + 2x^ 

wiuch gives • • • 3a; = 24, 

and dividing by 3, . a; = 8. 

63. The value found for the unknown quantity is said to 
be verified, when, being substituted for it^ in the given equa- 
tion, the two members are proved equal, each to each. 

Thus, in the last equation we found x =■ 8. If we substi- 
tute this value of x in the equation 

a: + 2« = 24, 
ire shaU have 8+2x8 = 8 + 16 = 24. 
which proves that 8 is the true answer. 

64. An equation involving only the first po'rer of th« 
unknown quantity, is called an equation of the firit degru. 
Thus, 6ar + 3a; - 5 = 13, 

and ax + bx -^ c =. d, 

pjre equations of the first degree. 

By considering the nature of an equation, we see that it 
must possess the three following properties : 

63 1 When is an equation said to be terijiedf 

64. When an equation involves (Kily the first power of the tmkuown 
quantity, what is it called t What are the three essential {Mvpcrtiea of 
fcTcry oqualioiif . 

y- 
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1st. Th( t\¥3 members must be composed of ouantides of 
the same k.nd : that is, dollars = dollars, pomids = pouuda. 
2d. The two members must be equal to each other. 
3d. The two members must have like signs. 

65. An axiom is a self-evident truth. We maj \ere 
fttatc t!ie following. 

1. [f vqual quantities he added to both members of an equa 
tto-n, the. equality of the members will not be destroyed, 

2. If equal quantities be subtracted from both members oj 
an equatioUy the equality will not be destroyed. 

3. If both members of an equation be multiplied by the. same 
number J the equality will not be destroyed. 

4. If both members of an equation be divided by Uie same 
numher^ the equality will not be destroyed. 

^ Transformation of Equations, 

66. The transformation of an equation consists in chang 
ing its form without affecting the equality of its members. 

The following transformations are of continual use in the 
resolution of equations. 

First Transformation 

67. When some of the terms of an equatioi are fracv 
tional, to reduce the equation to one in which the terms 
ihall be entire. 

I. Take the equation 

2x 3a? X 

65 Wh&t is an axiom t Name the four axioma t 

66* What is the transformation of an equation I 

67* Whai is the &8t transformation? What is the least «tininon 
tnulUfle of several numbers t How do you find the least cxiinitt 
riuUtipIc I 



EQUATIOVS OF THV FIRST DBUKSB. \^} 

First, reduce all the fractions to the same denominator, 
b J the given rule ; the equati m then becomes 

48a? 5ix I2x ^ 
72 72 "*■ 72 " ' 

Hid since if e can multiply both members by the samo num 
bei without destroying the equality, we will multiply them 
by 72, which is the same as suppressing the denominator 
72, in the fractional terms, and multiplying the entire term 
by 72 ; the equation then becomes 

48« - 54* + 12« = 792, 
or dividing by 6, &» — 9« + 2aj = J 32. 

But this last equation can be obtained in a shorter way, by 
finding the least conimon multiple of the denominators. 

7%e least common multiple of several numbers is the least 
number which they will separately divide without a remainder. 
When the numbers are small, it may at once be determined 
by inspection. The manner of finding the least common 
multiple is fully shown in Arithmetic § 87. 

Try ^ for example, the last equation 

2x 3a? a: _ 

We see that 12 is the least common multiple of the dt 
nominators, and if we multiply all the terms of the equi* 
lion by 12, we obtain 

8a? - 9af f 2a? = 132 • 

hf saiiie equation as before found. 
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68. Hence, to make the denominators disappear firom on 
equation, we have tbe following 

RULE. 

L I^'ind the least common multiple of aU the denomtna- 
ion, 

II. Multiply every term of both members of ^ equation by 
this common multiple — reducing at the same tme the frac- 
Hanoi to entire terms. 

EXAMPLES. 



1. Clear the equation —+■=■ — 4 = 3 of its denonil^ 
nators. Ans. 7x + 5x -- 140 = 106. 

XXX 

2. Gear the equation •^+-o""5= = 8 o^ its deuom- 
inators. Ans. 9X + ^ — 2x =z 432. 

3. Clear the equation -^ + ~ — -^ + :^ = 20 of its 
denominators. Ans. 18a; 4- 12aj — 4« f 3» = 720. 

XXX 

4. Clear the equation -^ + "if — n" = 4 of its deiK>m 
Inators. Ans 14a: + lOx — 35« s= 280. 
mH. Qcar the equation -j- — - + —- = 15 of its denom 
irntors Ans. 1 5a; — 12a? + 10a? = 000. 



6S. Give Uie nilo for cleariii(7 at: eqnniidii v\ its (lpiitiintrift(ui& 
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6. Clear the equation "T "" "a" + "8 ■*" "q' ~ ^^ of its 
denominators. Ant. ISx — 12j: 4 Ot -f 8ar = 864, 

d € 

7. Qear the equation -r — + / = y. 

a 

Ans. ad — be-k-hdf^ bdp. 

8. In the equation 

ax 2c^x . ^ 46c2ar 5a* , 2f» „. 
6 a6 a^ ' b^ a 

the least common multiple of the denominators is a^il^ - 
hence, clearing the equation of fractions, we obtain 
a^bx - 2a'^bc^x + 4a*6^ =-. 46Va? - 5a« + 2a»6V -Sa^ft^. 



n' /^>iiirf TVom^^rmci^tofi. 



69, When the two members of an equation are entire 
polynomials, to transpose certain terms from one member 
tc the other, 

1. Take for example the equation 

5a? - 6 = 8 + 2a;. 

U* in the first place, we subtract 2x from both meribera, 
the equality will not be destroyed, and we have 

5a. — 6 — 2a? = 8. 

Whence we see, that the term 2a;, which was additive in 
the second member, becomes subtractive by passing into 
the first. 



69* What is the sooond tnoBformation f What do yon undcrstaDc 
b^ transposing a term t Oiye the rule for transposing from one member 
ill tho other. 
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In the second place, if we add 6 to both members, tKe 
equal '.ty will still exist, and we have 

5a; - 6 - 2a; + 6 = 8 + 6. 

Or, since — 6 and + 6 destroy each other, we have 

Sa-— 2a: = 8 + 6. 

Hence the term which was subtractive in the first mcfu 
Der, passes into the second member with the sign of 
addition. 

2. Again, take the equation 

€tz -{- b =z d — ex. 

If we add ex, to both members, and^ subtract b from 
each, the equation becomes 

<ix + b + cx^bz=d — €x + ex^b, 

or reducing ax + ex =: d — b. 

When a term is taken from one member of an equation 
and placed in the other, it is said to be transposed. 

Therefore, for the transposition of the term?, we have the 
following 

RULE. 

Any term of an equation may be transposed by simply 
ehanging its sign from -{- to —, or from — A) +. 

70. We will now apply the preceding principles to Uif 
resolution of equations. 

1. Take the equation 

4j?-3 = 2« + a. 
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By bfansposing the terms — 3 and 2a;, it becomes 
la; - 2a; = 5 + 3 

Or, reducing 2a? =; 8. 

g 
Dividing by 2 aj = — = 4, 

Verification, 

If now, 4 be substituted in the place of x, \n the giveii 
er aation 

4a; - 3 ~ 2a; + 5, 
it becomes 4x4 — 3 = 2x4 + 5. 

or, 13 = 13. 

Hence, the value of z is verified by substituting it for the 
unknown quantity in the given equation. 

2. For a second example, take the equation 

5^- — -13-^-1?? 
12 3 "" 8 ' 

By causing the denominators to disappear, we have 
lOar - 32a; - 312 = 21 - 52a;, 

or, by transposing 

10a; - 32ir + 52a; = 21 -f 312 

hy reducing 30a; = 333 

333 111 ,,, 

^^-3o- = Tcr = ^^-^- 

a. result whidi may be verified by substituting it for a; in the 
given equation. 

3, For a third example let us take the equation 

(3o - ;r) (ci - 6) f 2a^ = 46 (a- + a). 
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It is first necessary to perform the mul'uiplications indicat 
ed, in order to reduce the two members to polynomials. 
This step is necessary before we can disengage the unknown 
quantity a;, from the known quantities. Having done that| 
the equation becomes, 

Sa^ — ax — Sab ■+ bx -\- 2ax = Abx -f 4a5, 
or, by transposing 

^ax+ bx + 2ax — 4bx = 4afc + 3a5 — 3a», 
by reducing ax — Sbx = lab — Sa^; 

Or, (Art. 41). (a - Sb)x = 7a6 - 3a». 

Dividing both members by a — 36 we find 
_ lab - Sgg 
^^ a-Sb ' 
Hence, in order to resolve an equation of the first degre* 
we have the following 

RULE. 

I. ^ there are any denominators^ cause them to disappeai 
and perform^ in both members^ all the algebraic operation, 
indicated^ 

II. Then transpose all the terms containing the unknown 
quantity into the Jirst member^ and all the knotmi terms inti 
the second member, 

III. Reduce to a single term all the termA involving the un 
known quantity : this term will be composed of two factors 
one of which will be the unknown quantity^ and the other ith 
multipliers^ connected by their respective signs, 

IV. Divide both members of the equcMon by the multiplier 
of the unknown quantity, 

70* What is the first step in resolving an equaion of the first ;iegre»' 
What the second t What the jhizdt What the fourth I 
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BXAMPLS8. 

1 Given 3* — 2 + 24 = 31 to find «. Am. x = lk 

2. Given a? + 18 = 3« — 5 to find x. Am. « = 11 i. 

3. Given 6 - 2ar + 10 = 20 - 3ar — 2 to find «. 

Ans. xs:% 

4. Given « + — a? + — ar = 11 to find «, Ans. ar = 6 

1 6 

5. Given 2* — -jar+l = 5ar- 2, to find a?, ^n*. a?=~« 

6. Given 3aar + — - — 3 = Aa; — a, to find x. 

6-3a 
Ans. X = 



6a-2* 



^ «. a? — 3 . a; ^^ ar — 19 ^ , 

7. Given —^ + - = 20 ^ to find x. 

Ans. a? = 23 -i- 

/ 

8. Given — ^ -f. ^ = 4 — - to find x. 

« ' o 4 

Ans. X = 3-rr 

9. Given — — ^ 4 a: = -— — 3 to find x. 

Ans. X = 4. 

10. Given 5- - 4 =/ tc find a;. 



3a(f- 2^ 



^ xlkMxntabt algebra. 

1 1 , Given — ^r — =4 — 6 to find x, 

7 2 

56 + 96 - 7< 
^"'•'^ I6S 

X x— 2 X 13 

12. Given — h T7 = tt to ^^^ ^« 

Do Z o 



Ans X s- ^0 



13. Given r-|-~ — 4=/ to find x, 

a b c d '^ 

abed/ 
Ans, X = ^ — 



bed — acd 4- a6</ - abc 
NoTs. — Whai is the numerical value of «, inhen a = 1, 
« = 2, c = "5, rf := 4, 6 : 1^, and /= 6. 

14. Given y "" ^ - ^T^ =' "" ^^J ^ ^ ^^ ** 

Ans. 4? = 14. 

» R /^* 3* — 5 , 4* — 2 , , ^ c J 

15. Given « ^-5 — H r-r — = a? + 1 to find «. 

lo 11 

-4*w. « = 6, 

46. Given «+-^ + -^ — 4=2aj — 43 to find «. 
4 5 o 

^ -4n*. a? = 60 

1'^^. « 4ar-2 3a;— 1^^. 
' ^. Given 2x -— = — - — to find x. 

d Z 

\ -4n«. a: = 3. 

18. Given 3x H 5 — = « + a to find ar. 

. 3a+J 

19 Gm«-^^ + J=|_^« tofiuJ... 






Ua-fU 
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120. Find the value of z in the equation 

{a^6)(x-6) 4a6-y g^ , ^^ " ^ 

a-6 "^^ "" a + 6 6 

. _ g* 4- 3a^& + 4a^ft' - 6ay + g&* 

0/" Propositions giving rise to Equations of tftc Firsk 
Degree involving hit one utiknovim quantity. 

71. It has already been observed (Art. 62), that the 
■olution of a problem bj algebra, consists of two distinct 
parts : 

1st. To make the statement : that is, to express the con- 
ditions of the proposition algebraicallj ; 

2d. To solve the resulting equation : that is, to disengage 
the known from the unknown quantities. 

We have already explained the manner of finding the 
value of the unknown quantity, after the proposition has 
been stated. It only remains to point out the best methods 
of stating the proposition in the language of algebra. 

This part of the algebraic solution of a problem cannot, 
like the second, be subjected to any well defined rule. 
Sometimes the enunciation of the proposition furnishes the 
equation immediately ; but sometimes it is necessary to 
discover, from the enunciation, new conditions from which 
an equation may be deduced. 

71. Into bow many parts is the resolution of a problem in algebra 
ifivided I What is the first step t Wliat the second % Which part has 
idfeady been explained f Which part is now to be considered t Can 
ttiis pait be subjected tc exact rules ? Give the grncral rule fur statinij 
a|;n'|K)s:iioo. 
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In aluioot all cases, however, we are able to maks' unt 
statement; that is, to discover the equation, by applying 
the following 

RULE. 

Represent the unknown qxiantUy bv one of the final Utters 
of the alpliabet ; and then indicate by means of the algtbrau 
signs f the same operations on the known and unknoiJbn ^uan 
tities^ as would verify the value of the unknown ^[U^miiif 
were such value known, 

QUESTIONS. 

1. To find a L^unber to which if 5 be added, tk^ ^um will 
bo equal to 9. 

Denote the number by x. 
Then by the conditions 

ar + 5 = 9. 
This is the statement of the proposition. 
To find the value of «, we transpose 5 to the second 
member, which give? 

« = 9 - 5 = 4. 

Verification, 
4 + 6 = 9. 

2. Find a number such, that the sum of one-half, one- 
third, and one-fourth of it, augmented by 45, shall be equal 
to 448. 

Let the required number be denoted by x, 

X 

Then one-half of it will be denoted by — - 



one-third " '* by 



2 



X 



uue-fourth " " by — . 

4 



CQUATI0N8 OF THB FIRST DSORKl 101 

And by the conditions, 

JB X X 

_ + _ + _+45 = 448. 

This is the statement of the proposition. 
To find the value of a?, subtract 45 from both membeit . 
this gives 

XXX 

-- + -- -h -- = 403. 
2 ^ 3 ^ 4 

By clearing the equation of denominators, we obtain 

Qx + 4x + Sxz= 4836, 

or 13ar = 4836. 

XI 4836 ^^„ 

Hence, x = -y^- = 372. 

Verification, 

070 070 070 

^ +^+^+45 = 186 + 124+93+45=448 

3. What number is that whose third part exceeds its 
fourth by 16 ] 

Let the required number be represented by x. Then, 

— - a? = the third part 
o 

-~- a; = the fourth part. 

And from the conditions of the problem 

-.--x=16. 

This AS the statement. To find the value of ar, we 9leai 
the equation of the denominators, which gives 

4x-Sx= 102. 
and X = 192. 
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Verification, 

192 192 

^-^7=^ = 64-48 = 16. 
o 4 

4. Divide $1000 between A, B and C, so that A slul] 
biYe $72 more thati B, and C $100 more than A. 

Let x=z B's share of the $1000. 

Ther a;+ 72= A's share, 

and a? + 172 = C's share, 

their sum is 3a; -f 244 =$1000. 

This is the statement 

By transposing 244 we have 

3aj = 1000 - 244 = 756 

and X = -5- = 252 = B's share, 

o 

Hence, « + 72 = 252 -f 72 = 1324= A's share. 

And a? + 172 = 252 + 172 = $424 = Cs share. 

Verijlcation, 
252 + 324 + 424 = 1000. 

5. Out of a cask of wine which had leaked away a third 
part. 21 gallons were afterwards drawn, and the cask being 
then guagcd, appeared to be half full : how much did it 
hold] 

Suppose the cask to have held x gallons, 

X 

Then, — what leaked away. 
o 

X 

And —- + 21 = what had leaked and been irawiL 

ilcnce, — -f 21 = — by the conditions. 
Thiti 18 Uie statenieut. 
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To find x^ we h»Te 

2« + 126 = Bx, 
nd — aj = — 126, 

ind by changing the signs of both members, which does nut 
Ustroj their equality, we have 

«=:126, 

Verification, 
l|«+21=42 + 21=63=i|l 

6. A nsh was caught whose tail weighed 9^., his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail together ; what was 
the weight of the fish ? 

Let 2x = the weight of the body. 

Then, 9 -^ x =. weight of the head ; 

and since the body weighed as much as both head ani tail, 

2x = 9 + 9 + ar, 

which is the statement. Then, 

2j: — ar = 18 and ar = 18. 

Ilcnce we have, 

2x = 36tt. = weight of the body. 

9 + ar = 27/6. = weight of the head. 

9lb. = weight of the tail. 

Iloiico 72/6. = weight of the fislt 
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7. The sum of two numbers is 67 and ikcir dUTereuoe 
19 : what are the two numbers 1 

Let X = the less number. 

Then, ar + 19 = the greater. 

and by the conditions 

ar + 19 = 67. 

This is the statement. 

To find X, we first transpose 19, whfch gives 

2a? = 67 - 19 = 48 ; 

hence, a: = -^ = 24, and « + 19 = 43. ' 

Verification, 
43 f 24 = 67, and 43 - 24 = 19. 

Another Solution. 
Let x denote the greater number : 
then a: — 19 will represent the less, 

and, 2a: - 19 = 67, whence 2ar = 67 + 19 ; 

ftp 
therefore, ar = ~ = 43, 

and consequently x — 19 = 43 — 19 = 24. 

-^ General Solution of this Problen, 

The sum uf two numbers is a, their difTerence is /> 
What are the two numbers ? 
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Let X d^iote the least number. 

Theo, X -\- h will represent the greater. 

Hence, 2« + ^ = a, whence 2:e = a — 6 , 

, « a—h a h 

therefore, x = -^- = - - ~ , 

aLd consequently, ^ + * = "2""'2"*"*~2'"^2 

As the form of these two results is independen: ot the 
values attributed to the letters a and 6, it follows that, 

Knowing iJie sum and difference of two numbers^ we obtain 
the greater hy adding the half difference to the half sum, an^ 
the less, hy subtracting the half difference Jrom half the sunt. 

Thus, if the given sum were 237, and the difference 9'. 

. ^ . 237 , 99 237 + 99 336 _. 

the greater IS -^ + — or = — = 168; 

^ *i. 1 . 237 99 138 ^^ 

and the least -^ — , or -jr— = 69. 

2 2 « 



Verification. 
168 + 69 = 237 and 168-^69 = 99. 

8. A person engaged a workman for 48 days. For each 
day that he labored he received 24 cents, and for each day 
that he was idle, he paid 12 cents for his board. At the 
end of the 48 days, the account was settled, when the laborei 
recoiled 504 cents. Required the number of vcrking days 
\tnd the number of days he was idlf, 

5* 
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If the two numbers were kDown, and the first multiplied 
by 24, and the second bj 12, the difference of these pro- 
ducts would be 504. Let us indicate these operations by 
means of algebraic signs. 

Let X = the number of working dajs 

48 — a: = the number of idle days 
Thaxi 24 X « = the amount earned 
and 12(48 — jr)= the amount paid for board. 
Then, 24« - 12(48 - ar) = 504 
what was received, which is the statement. 
Then to find x we first multiply by 12, which gives 

24* - 576 + 12ar = 504. 
OP, 30*= 504 + 576 = 1080, 

and X = -^^ = 30 the number of working days : 

whence, 48 — 30 = 18 the number of idle day«i. 

Verificatwn. 

Thirty days' labor, at 24 cents 
a day, amounts to 30 X 24 = 720 cents. 

And 18 day's board, at 12 cents 
a day, amounts to 18 X 12 = 216 cental. 

The difference is the amount received 504 oent«» 

General Solution. 

This problem may be made general, by denotir^ the 
whole number of working and idle days by n. 
The amount received for each day's work by a. 
Tlie amount paid for board, for each idle day by b 
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And the balance due the laborer, or the result of th« 
ftcccunt, by c. 

As before, let the number of working days be denoted 
by X. 

The number of idle days will then be expressed by n-^x» 
Hence, what is earned will be expressed by ax. 
And the sum to be deducted, on account of board, b^ 
h{n - x). 

The statement of the problem, therefore, is 

ax — b{n — «) = c. 

To find ar, we first multiply by ft, which gives 

ojj — ftn + to = (J, 

or, {a + b)x = e +lm^ 

wnenoe, x = — , = number of working days. 

J ^, c+bnan + bn — c-^bn 

and consequently, n — a: = n r-?- = r-; 1 

^ " a + b a + b 

•>r, n — a? = — —-r- = number of idle days. 

a + b "* 

Let us now supposed =48, a = 24, 6 = 12, and c = 504. 
These numbers will give for x the same value as before 
found. 

\- 0. A person dying leases half of his property to his wife, 
ono-sixth to each of two daughters, one-twelfth to a servant, 
And the remaining $600 to the poor: what was /he amount 
>f his property % 
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Denote the amouct of the property by «. 

X 

Then — - = what he left to his wife, 

X 

— =r what he left to one daughter, 

und "a" ~ "q ^'^*^ ^® ^®^ ^^ ^^^^ daughters , 

also — = what he left to his servant 

mid $600 what he left to the poor. 

Theii, hf the conditions 

XXX 

— + -5- + 77: + 600 = « the amount of the property, 

which gives x = $7200. 

10. A and B play together at cards. A sits down with 
$84 and B with $48. Each loses and wins in turn, when 
it appears that A has five times as much as B. How muish 
did A win 1 

Let X represent what A won. 
Then, A rose with $84 + x dollars, 

and B rose with |48 — x dollars. 

But by the conditions, we have 

84 + ar = 5(48-^ar), 
hence, 84 + ar = 240 - bx; 

and, 6ar = 156, 

consequently, x = (26 what A won. 

Verification, 

84 + 26 = 110; 48-26= 22} 
110 = 5(22) = 110. 
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J 1 , A can do a piece of work alone in 10 dajs, B in 13 
dftj^s ; in what time can they do it, if they work together] 
Denote the time by a;, and the work by 1. Then, in 

1 day, A can do — of the work, and 

B can do — of the work ; and itt 

X 

X days, A can do — of the work, and 

B can do ~ of the work ; 
lo 

bence, by the conditions 

:^ + Vo = 1» which gives 13* f 10« = ISO : 
lU lo 

130 
hence, 23ar = 130, « = -^ = SJf days. 

12. A fox, pursued by a greyhound, has a start of oO 
leaps. He makes 9 leaps while the greyhound makes but 
6 ; but, 3 leaps of the greyhound are equivalent to 7 of the 
fox. How many leaps must the greyhound make to over* 
take the fox 1 

From the enunciation, it is evident that the distance to 
be passed over by the greyhound is composed of the 60 . 
leaps which the fox is in advance, plus the distance that the 
fox passes over from the moment when the greyhound starts 
in pursuit of him. Hence, if we can find the expressions 
for these two distances, it will be easy to state the problem. 

Let z = the number of leaps made by the greyhoiir J 
before he overtakes the fox. 

Now, since the fox makes 9 leaps while the greyhound 

9 3 

makes but 6, thp. fix will i lake — or -- leaps wliile 
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the greyhound makes 1 ; and, therefore, while thogre}hr*uA* 

Sx 

makes x leaps, the fox will make — leaps. 

Hence, the distance which the greyhound must pass o?ei 

3a; 

will be expressed by 60 + — leaps of the fox. 

It might be supposed, that the equation might be obtained 

by merely placing x equal to 60 + — a: ; but in doing so, • 

manifest error would be committed ; for the leaps of the grey 
hound are greater than those of the fox, and we should thei 
equate numbers of different denominations ; that is, nuro 
bers having different units. Hence, it is necessary to ex 
press the leaps of the fox in terms of those of the grey 
hound, or reciprocally. Now, according to the enunciation 
3 leaps of the greyhound are equivalent to 7 leaps of thi 

7 
fox ; then, 1 leap of the greyhound is equivalent to -^ leapu 

o 

of the fox ; and consequently, x leaps of the greyhound ariT 

7x 
equivalent to -^ of the fox's leaps. 
o 

Hence, we have the equation 

Making the denominators disappear 

14a? = 360 + 9a?, 
whence, 5x = 360 and a? = 72 : 

Therefore, the greyhound will make 72 leaps before ofei 
taking the fox, and during this time, the fox will make 

72 X -jT- or 108 leaps. 
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Verification, 

TTie 72 leai)s of the greyhound are equivalent to 

72 X 7 

— ^ — = 168 leaps of the foai, 

o 

AUd eO 4 108 = 168, 

the leaps which the fox made from the beginning. 

13. A father leaves his property, amounting to $2520} to 
(bur sons, A, B, C, and D. C is to have $360, B as much 
as C and D together, and A twice as much as B less |1000 * 
how much do A, B, and D receive ? 

Ans. A, $760, B, $880, D, $520 

1 14. An estate of $7500 is to be divided between a widow 
two sons, and three daughters, so that each son shall receivt 
twice as much as each daughter, and the widow herself $500 
more than all the children : what was her share, and what 
the share of each child? 

( Widow's share, $4000. 

Ans. \ Each son's, $1000. 

( Each daughter's, $ 500. 

-/-1 5. A company of 180 persons consists of men, women, 

and children. The men are 8 more in number than the 

women, and the children 20 more than the men and womei) 

together : how many of each sort in the company 1 

j Ans. 4A men, 36 women, lOO children, 

10. A father divides $2000 among ^\q sons, so that each 
elder should receive $40 more than his next younger bro- 
Iher : what is the share of the youngest 1 Am. $320 

17. A purse of $2850 is to be divided among three per 
tXiiis, A, D, and C. A's share is to bo to B's a» to 1) 



u 
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uid C Is to have $300 more than A and B tc^etfaer : what 
is each one's share ? Ans. A's $450, B's $825, C's $1575. 
] 8. Two pedestrians start from the same point ; the first 
Bteps twice as far as the second, but the second makes 5 
steps while the first makes but one. At the end of a oer 
lain time they are 300 feet apart. Now, allowing each of 
the longer pases to be 3 feet, how &r will each have trav 
fOlod 1 Ans. 1st, 200 feet ; 2d, 500. 

19. Two carpenters, 24 journeymen, and 8 apprentices, 
received at the end of a certain time $144. The carpen- 
ters received $1 per day, each journeyman, half a dollar, 
and each apprentice 25 cents : how many days were they 
employed ? Jns, 9 day^. 

20. A capitalist receives a yearly income of $2940 : four- 
fifths of his money bears an interest of 4 per cent^ and the 
remainder of 5 per cent : how much has he at interest 1 

I. Am. 70000. 

H^* A cistern eontaining 60 gallons of water has three 
unequal cocks for discharging it ; the largest will empty it 
in one hour, the second in two hours, and the third in three : 
in what time will the cistern be emptied if they all rjc 
together ? Ans. 32 j^ min. 

22. In a certain orchard, one-half are apple trees, one- 
fourth peach trees, one-sixth plum trees ; there are also, 120 
cherry trees, and 80 pear trees : how. many trees in the 
orchard ? Ans. 2400. 

y~^. A farmer being asked how many sheep he had, an 
swered, that he had them in five fields ; in the 1st he had |, 
in the 2d, ^, in the 8d, ^, and in the 4th, ^, and in the 5th. 
450 : how many had he 1 Ans. 1200. 

— f-24. My horse and saddle together are worth $132, and 
tko horse is worth ten times as much as the saddle : whul 
b tlic value of tiio horse 1 Ans. 120. 
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25. The rent of an estate is this year 8 per cent greater 
than it was last. This year it is $1890 : what was it last 
fearl Ans.tlllbO. 

20, What number is that from which, if 5 be subtracted, 
f of the remainder will be 40 ? Ans, 65, 

/2T. A post is J in the mud, } in the water, and 10 feet 
ibove the water : what is the whole length of the post ? 

Ans. 24 Jeet. 

28. After paying ^ and | of my money, 1 had 6Q guineas 
Icfl in my purse : how many guineas were in it at first 1 

Ans. 120. 

29. A person was desirous of giving 3 pence apiece to 
some beggars, but found he had not money enough in liis 
pocket by 8 pence ; he therefore gave them each 2 pence 
and had 3 pence remaining : required the number of beg- 
gjrg.^ A^is. 11. 

/ 30. A person, in play, lost | of his money, and then won 
3 shillings ; after which he lost } of what he then had ; and 
this done, found that he had but 12 shillings remaining : 
what had he at first? Ans. 208. 

^31. Two persons, A and B, lay out equal sums of money 
in trade ; A gains |126, and B loses |87, and A's money 
IS now double 6f B's : what did each lay out ? Ans. $300, 

'32? A person goes to a tavern with a certain sum of 
money in his pocket, where he spends 2 shillings : he then 
borrows as much money as he had lefl, and going to another 
tavern, he there spends 2 shillings also ; then borrowing 
igain as much money as was left, he went to a third tavern, 
-rhere likewise he spent 2 shillings and borrowed as much 

IS h^ >«id ^efl; and again spending 2 shillings at a fourth 

avt'in, *i€ then had nothing remaining. What had he at 

irjt ) Ans. 3^. W. 

t5 
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Of Equations of the First Degree involving two a> nyort 

unhiywn quantities, 

72. Several of the problems already discussed luye 
apparentlj involved more than one unkno'wii quantity ; yet 
we have been able to solve them all by the aid of a single 
unknown symbol. Ir these cases, the required parts of the 
problem have been so connected that we have been able to 
express the relations between them by means of a single 
equation. We come now to those problems, in the solution 
of which, we employ more than one unknown quantity. 

Let us first examine some of those problems which we 
have already solved by the aid of but a single unknown 
symbol. 

1. Given the sum of two numbers equal to 36, and theii 
difference equal to 12, to find the numbers. 

Let X = the greater, and y = the less number. 
Then, from the 1st condition , . . . a? + y = 36, 
and from the second, a; — y = 12. 

By adding (Art. 65, Ax. 1), . . . . 2aj = 48. 
By subtracting (Art. 65, Ax. 2), . . . 2 y = 24. 

Each of these equations contains but one unknown guao 
tity. 

48 
From the first, we obtain . . . . « = — = 24. 

24 
And from the second, y =-—-=! 2. 

Verification. 

« + y = 36 gives 24 + 12 = 36, 
« :- y = 12 " ^4 - 12 = 12. 
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General Solution, 
Let X = the greAtsr, and y the less numbe*. 

Then by the conditions x + y ts a^ 

and X — y =:b. 

By adding, (Art. 65, Ax. 1), 2x=:a + b. 

By subtracting, (Art. 65, Ax. 2), . . . . 2y = a — 6. 
Each of these equations contains but one unknown quantll) 

a + b 
Fiom the first, we obtain . • , , a? = — — — 

And from the second, y = — - — 

2 

Verification, 
a-j-6,a — 6 2a . a+ b a — 6 2b 

For a second example, let us also take a problem thai 
has been already solved. 

2. A person engaged a workman for 48 daysi For each 
day that he labored he was to receive 24 cents, and for each 
day that he was idle he was to pay 12 cents for his board. 
At the end of the 48 days the account was settled, when thi 
laborer received 504 cents. Required the number of work 
ing days, and the number of days he was idle. 
I^t X = the number of working days, 

y = the number of idle days. 
Then 24a: = what he earned, 

and 12y = what he paid for his hoard. 

Thon, by the conditions of the question, we have 

x + y =48, 
i2id 24i; — 12y = 504. 

rhii ia t!ic statoiiiont of the probloiii. 
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It has already been shown (Art. 65, Ax. 3), that the two 
members of an equation can be multiplied b/ the same 
number, without destroying the equality. Let, then, the 
.^rst equation be multiplied by 24, the co-efficient of « in 
she second : we shall then have 

24a; + 24y = 1152, 
24a?-12y= 504, 

And by subtracting, 36y = 648, 

and y = _=18. 

Substituting this value of y in the equation 

24a; — 12y = 504, we have 24a; — 216 =.- 504, 

which gives 

^/ 7*>0 

"^4a; = 564 + 216 = 720, and « = ^ = 30. 

Verification, 

x+ y = 48 gives 30 + 18 = 48, 

2ix - 12y =r 504 gives 24 X 30 - 12 X 18 = 504. 

Elimination, 

73. The process of combining two or more equations, in 
volving two or more unknown quantities, and deducing there* 
from a single equation involving but one, is caUed eliminc^ 
Hon. 

73. What is eliminatioo f How many methods of eliiuination are 
Jiero f Q ire the rule for eliminatioo by addition and subtraction. Wlial 
's the iir'!t ott*p ? What Uie scootid t W1 at the third t 
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rhere are three principal methods of elimination : 

1st. By addition and subtraction. 

2d. By substitution. 

3d. By comparison. 
We will consider these imethods separately. 

Elimination by Addition and Subpro/Ction 

i« Take the two equations 

3a; — 2y = 7 

ar + 2y = 48. 

If we add these two equations, member to member, we 
obtain 

liar = 55: 

which gives by dividing by 11 

« = 5: 

and substituting this value in either of the given equations 
we find 

y = 4. 

2. Again, take the equations 

ar + 2y = 48 
3a; + 2y = 23. 

If we subtract the 2d equation from the irst, we obtain 

5a; = 25, 

which gives, by dividing by 5, 

« = 5: 

aid by substituting this value, we And 
y = 4. 
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Sl Take the two equations 

5j; + 7y = 43. 
lla:-|-9y = G9. 
If^ in these equations, one of the unknown quantities was 
afTected with the same co-efficient, we might, by a simple 
subtraction, form a new equation which would contain but 
me unknown quantity. 

Now, if both members of the first equation be multiplied 
by 9) the co-efficient of y in the second, and the two mem 
bers of the second by 7, the co-efiicient of y in the first) we 
will obtain 

45a? -f 63y = 387, 
77a; + 63y = 483. 

Subtracting, then, the first of these equations from the 
second, there results 

32a; = 96, whence a? = 3. 

Again, if we multiply both members of the first equation 
by 11, the co-efficient of a; in the second, and both members 
of the second by 5, the co-efficient of a; in the first, we skaU 
form the two equations 

55x + 77y = 473, 
55a; + 45y = 345. 

Subtracting, then, the second of these two equations from 
the first, there results 

32y = 128, whence y = 4, 
Tlicrefore a; = 3 and y = 4, are the values of x and y 









VerificaHon, 






5:c 4 7y : 


= 43 


gives 


5x3+7x4= 


15 + 28 = 


43; 


i!x+ 05 


= 69 


•c 


11 X3+9X4 = 


: 33 + 30 = 


r>9. 
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The method of elimination just explained, r's called the 
method hy addition and subtraction. 
To eliminate by this method we have the following 

BULB. 

I. See which of the unknown quantities you mil eliminate, 

II. Make the coefficients of this unknown quantity equal in 
(he two equations^ either hy multiplication or division, 

III. If the signs of the like terms are the sam^e in both 
equations^ subtract one equation from the other ; hut if the 
signs are unlike, add them, 

EXAMPLES. 

4. Find the values of x and y in the equations 

3aj - y = 3, 

y + 2ar = 7. 

Ans. ar = 2, y = 8. 

5. Find the values of x and y in the equations 

4aj — 7y = — 22, 
5« + 2y = 37. 

Ans, « = 5, y = 6. 

0. Find the values of x and y in the equations 

2« + 6y = 42, 
8ar-6y= 3. 

Ans, 2;=:4}, y s- 5|. 

7 Find the values of x and y in the equations 

8« — 9y= 1. 
Or — 3y = 4a;. 

Ans, x = }, y sr |. 
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8. Find the values of x and y in the equati ,ns 

14i; - 15y = 12, 
7a? -r 8y = 37. 

Ans. « = 3, 9 s ^ 

9. Find the values of x and y in the equations 

Ans. « = 6, y = &. 

10. Find the values of x and y in the equations 

-x+gy = 4, 

ar - y = — 2. 

^n«. a; = 14, y = 16. 

11. Says A to B, you give rae $40 of your money, and 
I shall then have 5 times as much as you will have left. 
Now they, both had $120 : how much had each ? 

Ans. Each had $60. 

12. A father says to his son, " twenty years ago, my ag9 
was four times yours ; now it is just double :** what were 
their ages ? ^ ( Father's, 60 years. 

•;/| Son's, 30 years. 

13. A father divides his property between his two sons. 
At the end of the first year the elder had spent one-quarter 
of his, and the younger had made $1000, and their property 
was then equal. After this the elder spends $500 and the 
younger makes $2000, when it appears the younger has just 
double the elder : what had each from the father 1 

J (Elder, $4000. 
^"*- \ Younger, $2000. 
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14. If JohD give Charles 15 apfles, they will han the 
same number; but if Charles give 15 to John, John will 
have 15 times as mauy, wanting 10, as Charles will have 
!eft. How many had each ? A i John 50. 

( Charlea 20. 

15. Two clerks, A and B, have salaries which are together 
equal to $900. A spends ^ per year of what he receives, 
and B adds as much to his as A spends. At the end of the 
year they have equal sums : what was the salary of each ? 

^^JA's = 500 
40^) 



(B'9 



Mimimttion by Substitution, 

74. Let us again take the equations 

5ar -f 7y =r 43, 
lljc + 9y = 69. 

Find the value of jt in the first equation, which gives 
43 -7y 

Substitu^^ tk's value of x in the second equation, and h» 
have 

,lxl^ + 9y = 69, 

or, 473 - 77y + 45y = 345, 

or, - 32y = - 128. 

Ilenoe y = 4, 

. 43 - 28 „ 

and, z •= — - — = 3. 
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This method is called the method by sitbiHtutuiH : wt 
have fir the process the following 

RULE. 

Find the value of one of the unknown quanlities from 
titlur of the equations ; then substitute this value in the other 
equation : there will thv^ arise a new equation with hut oin 
unknown quantity. 

Remake. — This method of elimination is used to great 
advantage when the co-efficient of either of the unknown 
quantities is unity. 

EXAMPLES. > 

1. Find, by the last method, the values of x and y in the 
ft<i^uations 

3af — y = 1 and 3y — 2aj = 4. 

Am, ar = 1, y r= 2. 

2. Find the values of x and y in the equations 

5y - 4a; r= — 22 and 3y + 4ar = 38. 

Ans» a; = 8, y = 2. 

\ Find the values of x and y in the equations 
ar -h 8y = 18 and y — 3ar = — 29. 

^715. a: = 10, y — I 

4. Find the values of x and y in the equations 

2 

5ar - y = 13 and 8a? + -q y = 29. 

Ans, X = 3J, y = 4J. 

*) Give ihe rule for elimiDatbn by subBtitution t When is it dcgira 
U« tc dec this nu^iiod f 
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5. Find the values of x aud y, from tlie equations 

10« - -|- = G9 and lOy - ~= 49. 
5 ^7 

Ans. a; = 7, y = 5ii 

6. Find the values of x and y, from the equations 

, + |,_|=10 and 1 + ^ = 2. 

Ans. « = 8, y = 10, 

7. Find the values of x and y, from the equations 

f-| + 5=2, . + f = n|. 

-4n«. a; = 15, y = 14. 

8. Find the values of x and y, from the equations 

1+1+3=61. and f-f=f 

Ans. jr = 3J, y = 4* 

9. Find the values of x and y, from the equations 

~ — — 4- 6 = 5, and — — -^ = 0. 

Ans. jr = 12, y = 10. 

10. Find the values of x and y, from the equations 

|._^_l = _9, »nd 5;r-^ = 29. 
J -4/25. a? = 6, y = 7, 

11. Two misers, A and B, sit down to count over their 
money. They both have $20000, and B has three timers ai 
much 18 A : how much has each ? 



I B . . 115000. 
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12. A person has two purses. If he puts (7 itUj the hrai 
purse, it is worth three times as much as the second : but ii 
he puts |7 into the second, it becomes worth five times as 
much as the first : what is the value of each purse ? 

Ans. 1st, 12 : 2d, |3. 

13. Two numbers have the following properties : if (ha 
first be multiplied by 6, the product will be equal to the 
second multiplied by 5 ; and one subtracted from the first 
leaves the same remainder as 2 subtracted from the second : 
what are the numbers ? Ans. 5. and G. 

14. Find two numbers with the following properties : the 
first increased by 2 to be 3^ times as great as the second : 
and the second increased by 4 gives a number equal to half 
the first: what are the numbers? Ans. 24 and 8. 

1 5. A father says to his son, " twelve years ago, I was 
twice as old as you are now : four times your age at that 
time, plus twelve years, will express my age twelve years 
hence :" what were their ages ? ^ ( Father, 72 years, 

^'«- ison, SO « 

Elimination by Comparison, 

76. Take the same equations 

5x + 7y = 43, 
ll« + 9y = 69. 

Finding the value of z from the first equation, we have 
43 - 7y 
5 
Mid finding the value of z from the second, we obtain 

69 -9y 

z = -• 

11 
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Let these two values of x be placed equal to each other, 
and M e have 





43 - 7y 69 - 9y 
5 11 


Or, 


473 -nyz::z 345 - 45y ; 


or, 


-32y = -128. 


Hence, 


y = 4. 


And- 


69-36 ^ 
X = — -- — = 3. 



11 ""• 

This method of elimination is called the method vj com 
parison, for which we have the following 



RULE. 

I. Fii^ the value of the same unknown quantity Jrom each 
tquatiCtn, 

II. Place these values equal to each other ; and a new equa- 
tion will arise involving but one unknown quantity, 

EXAMPLES. 

1 Find, by the last rule, the values of x and y, from the 
equations 

3^ + 1+0=42 and y-.^=U\. 

An^, a; = 11, y = 15. 



75 Give the nile for elimination by compariscn What is the fint 
•<«p Wbit iko second I 
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2. Find the values of x and y, from the equations 

— — — +6 = 6 and — 4-4=— + 6. 

Am. a; =: 28, y = 20 

8 , Find the values of x and y, from the equations 

-?^ — — +— = 1 and 3y — «=:6. 
10 4 8 * »"" •'y 

Ans. a; = 9, y = 5. 
4. Find the values of x and y, from the equations 
y-3=-a!4-5 and -^ = y - 3 f 

^;w. a: = 2, y = 9. 
5 Find the values of x and y, from the equations 

?^ + |=y-2 and £ + ^=..-.13. 

Ans, a; = 16, y =s^ 7. 

» 

6. Find the values of x and y, from the equations 

L+f + yz:f = ._|, and . + y = 16. 

^«s. ar = 10, y = 6. 

7. Find the values of x and y, from the equations 

^7i«. a; = 1, y =: 3 



8. Find the values of x and y, from the equations 

-4 a; 

^R«. z = 10, y _ 13 



2>+3« = y-f43, y-£^ = y_£. 
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9. Find the values of x and y, from the equations 

4y-^-=-^ = « + 18, and 27-.y = « + y+4. 

Ans. « = 9, y =r 7. 
' ( 0. Find the values of x and y, from the equatioLs 

l-?^ + 4=y-16}, |-2=|. 

Ans, « = 10, y n 20. 

V6. H&vlng explained the principal methods of elimina- 
tion, we shall add a few examples which may bo solved by 
any one of them ; and often indeed, it may be advantageous 
to employ them all even in the same problem. 



GENERAL EXAMPLES. 

1. Given 2ar + 3y = 16, and 3« — 2y = 11, to find the 
values of x and y. Ans, « = 5, y = 2. 

_ ^. 2a? , 3y 9 , 3a; 2y 61 ^ - , 

2. Given — A — =- = — and h -^ = — r> to find 

5^4 20 4 ^ 5 120' 

tihe values of x and y. Am, « = -—i y = -5-. 

3. Given -^ + 7y = 90, and ^ + 7ar = 51, to find the 
values of x and y. ^n«. « =: 7, y = 14. 

4. Given 

--12 = 1+8, and -ii: + --8 = J^.f27, 
o 'bid the values of x and y i4w«. a: = 60, y ^ 40, 
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QUESTIONS. 

1. What fraction is that, to the numerator of which if i 

be added, the value will be -^9 but if one be added to itsi 

o 

denominator, the value will be — ^ 

4 

X 
Let the fraction be represented by — 

Theii I y the conditions 

x+l 1 , « 1 

= -— , and, T-rr = -r . 

y 3 ^ y + 1 4 

Whence, 3a; + 3 = y, and, 4ar = y -f 1. 
Therefore, by subtracting, 

a? — 3 = 1 and a: = 4. 
Hence, 12 + 3 = y; 

therefore, y = 15. 

2. A. market-woman bought a certain number of eggs at 
2 for a penny, and as many others, at 3 for a penny ; and 
having sold them altogether, at the rate of 5 for 2dy found 
that she had lost 4(f : how many of both kinds did slie buy I 

Let 2a? = the whole number of eggs. 

Then x = the number of eggs of each sort. 

Then will o" ^ = ^^® cost of the first sort, 

and "5" ^ = ^^ cost of the second sort. 

o 

4« 

But by the conditions of the question 5 : 2« : : 2 . y 

the amount for which the eggs were sold. 
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H^noe, by the oonditiona 

Hiercfore, 15ir + 10a? — 24ar =r 120 

or a? =120; 

the number of eggs of each sort. 

3. A person possessed a capital of 30,000 dollars, foi 
which he drew a certain interest ; but he owed the sum of 
20,000 dollars, for which he paid a certain interest. Th< 
interest that he received exceeded that which he paid bj 
800 dollars. Another person possessed 35,000 dollars, for 
which he received interest at the second of the above rates ; 
but he owed 24,000 dollars, for which he paid interest at 
the first of the above rates. The interest that he received 
exceeded that which he paid by 310 dollars. Eequired the 
two rates of interest. 

Let X and y denote the two rates of interest ; that is, the 
interest of $100 for the given time. 

To obtain the interest of $30,000 at the first rate, denoted 
by X we form the proportion 

100 : if : : 30,000 : ^^^^ or 300a:. 

And for the interest 120,000, the rate being y, 

100 : y : : 20,000 : ^^^ or 200y. 

But by the conditions, the difference between these vmc 
amounts is equal to 800 dollars. 

We have, then, for the first equation of the problem 

300a; - 200y = 800 
0* 
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By expressing algebraically, the second condition of the 
pioblem, we obtain the other equation, 

350y - 240« = 310. 

Both members of the first equation being divisible bj 
100, and those of the second by 10, we have 

Sx — 2y= 8, 35y - 24a: = 31. 

To eliminate x^ multiply the first equation by 8, and thiua 
add the result to the second : there results 

19^ = 95, whence y = 5. 

Substituting for y, in the first equation, this value, and 
that equation becomes 

3« — 10 = 8, whence « = 6. 

Therefore, the first rate is 6 per cent, and the second 5. 

VerifimHon. 

130,000, placed at 6 per cent, gives 300 X 6 = $1800. 
120,000, " 5 « " 200X5 = 11000. 

And we have 1800 — 1000 = 800. 

The second condition can be verified in the same manner 

4. What two numbers are those, whose difference is 7, 
and sum 33 ? Ans. 13 and 20. 

5. To divide the number 75 into two such parts, that 
three times the greater may exceed seven times the less by 
15. Ans. 54 uid 21. 

6. In a mixture of wine and cider, J of the whole plus 
85 gallons was wine, and | part minus 5 gallons was cider: 
h c many gallons were there of each 1 

Ans, 85 of wine, and 35 of cider 
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7. A bill of £120 was paid in guineas and nioidores, and 
Ihe number of pieces used, of both sorts, was just 100. If 
the guinea be estimated at 2ls, and the moidore at 27^, how 
many pieces were there of each sort ? At^s, 50 of each. 

8. Two travellers set out at the same time from London 
and York, whose distance apart is 150 miles. One of thorn 
goes 8 miles a day, and the other 7 : in what time will thcj 
meet? Ans. In 10 daja. 

i». At a certain election, 375 persons voted for two candi- 
dates, and the candidate chosen had a majority of 91 : how 
many voted for each 1 

Ans. 233 for one, and 142 for the other. 
10. A person has two horses, and a saddle worth £50. 
Now, if the saddle be put on the back of the first horse, it 
will make his value double that of the second ; but if it be 
put on the back of the second, it will m&ke his value triple 
that of the first. What is the value of each horse 1 

Ans. One £30, and the other £40. 
llf The hour and minute hands of a clock are exactly 
together at 12 o'clock : when will they be again together ? 

Ans, lA. 5-1* jm. 

12. A man and his wife usually drank out a cask of beer 
in 12 days ; but when the man was from home, it lasted 
the woman 30 days : how many days would the man alone 
be in drinking it 1 Ans. 20 days. 

13. If 32 pounds of sea-water contain 1 pound of salt, 
how much fresh water must be added to these 32 pounds, 
in order that the quantity of salt contained in 32 pounds c f 
the new mixture shall be reduced to 2 ounces, or ^ of a 
pound 1 Ans. 22'ilb. 

14. A person who possessed 100,000 dollars, placed the 
greater part of it ou^ at 5 per cent interest, and the other 
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at 4 per cent The interest which he received for the whole 
amoonted to 4640 dollars. Required the two parts. 

Ans. 64,000 and 36,000. 
15. At the close of an election, the successful candidate 
had a majority of 1500 votes. Had a fourth of the votas 
of the unsuccessful candidate been also given to him, ha 
would have received three times as many as his competitor, 
wanting three thousand five hundred : how many votes did 
each receive) j j 1st, 6500. 

^'**-(2d, 5000. 
15. A gentleman bought a gold and a silver watch, and 
a chain worth $25. When he put the chain on the gold 
watch, it and the chain became worth three and a half times 
more than the silver watch ; but when he put the chain on 
the silver watch, they became worth one-half the gold watch 
and 15 dollars over : what was the value of each watch 1 

J . j Gold watch, $80. 
^^*- (Silver " $30. 

17. There is a certain number expressed by two figures, 
which figures are called digits. The sum of the digpits is 
11, and if 13 be added to the first digit the sum will be three 
times the second : what is the number 1 Ans, 56. 

18. From a company of ladies and gentlemen 15 ladies 

retire; there are then lefl two gentlemen to each lady. 

After which, 45 gentlemen depart, when there are left 5 

ladies to each gentleman : how many were there of each at 

first 1 ^ ( 50 gentlemer. 

* ( 40 ladies. 

19. A person wishes to dispose of his horse by lottery. 
If he sells the tickets at |2 each, he will lose $30 on his 
horse ; but if he sells them at (3 each, he will receive $30 
more than his horse cost him. What is the value of the 
horse and number of tickets? ^^^ j Horse, $150. 

^^' jNo.oftioketsi, 60. 
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20. A person purchases a lot of wheat at |1, and a lot of 

je at 75 cents per bushel, the whole costing him 1 117,50. 

He then sells ^ of his wheat and | of his rye at the same 

rate, and realizes |27,50. How much did he buy of each 1 

i 80 bush, of wheat, 
50 busk, of rye. 



Ans. -j 



EquMions involving three or more unknown quantities. 

77. Let us now consider equations involving three ot- 
more unknown quantities. 
Take the equations 

5 « — 6y + 4? = 15, 
7ar + 4y - 3« = 19, 
'2x+ y+6iJ = 46. 

To eliminate z by means of the first two equations, mul- 
tiply the first by 3 and the second by 4 ; then, since the 
oo-efficients of z have contrary signs, add the two results 
together. This gives a new equation : 

43ar - 2y = 121. 

Multiplying the secon i equatii^n by 2, (a factor of the 
u) efficient of z in the thiid equation,) and adding the result 
with the third equation, we have 

16a: + 9y = 84. 

The question is then reduced to finding the values of x 
and y, which will satisfy these new equations. 

Now, if the first be multiplied by 9, the second by 2, and 
the results added together, we find 

410.1; r^ 1257, wloncc z = 3. 
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We might, by means of the two equations involving m 
and y, determine y in the same way that we have deter- 
mined X ; but the value of y may be determined more 
simply, by observing, that the last of these two equations 
beoomes, by substituting for x its value found above, 

48 + 9y = 84, whence y = ^r = 4. 

In the same manner, the first of the three picposed equa 
tions becomes, by substituting the values of x and y, 

24 
15 — 24 + 4af =n 15, whence « = —- = 6. 

4 

Hence, to solve equations containing three or more un- 
known quantities, we have the following 

BULB. 

I. Eliminate one of the unknown quantities hy combzntng 
any one of the equations with each of the others ; there will 
thus be obtained a series of new equations containing one less 
unknown quantity, 

II. Eliminate another unknown quantity by combining one 
of these new equations with each of the others, 

III. Continue this series of operations until a single equa 
tion containing but one unknown quantity is obtained^ from 
which the value of this unknown qttantity is easily found. 
Then, by going back thfough the series of equations that have 
been obtained, the valuer of the other unknown quantities may 
he successively determined, 

77i Give the general rule fur solving equations involving three ai 
more unknown quantities ? What is the first step t What the seeoiKl I 
VVTiat the tlvul I 
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78. Rbmark. — It often happens that each of the proposed 
equations does not contain all the unknown quantities. Id 
this case, with a little address, the elimination is verj 
quickly performed. 

Take the four equations invohing four unknown quanti- 
ties : 

(1.) 2ar - 3y -h 2a = 13. (3.) 4y + 2z=: 14. 

(2.) 4u - 2a? = 30. (4.) 5y + 3u = 32. 

By inspecting these equations, we see that the elimination 
of 2 in the two equations, (1) and (3), will give an equation 
involving x and y ; and if we eliminate u in the equations 
(2) and (4), we shall obtain a second equation, involving x 
and y. These last two unknown quantities may therefore 
be easily determined. In the first place, the elimination of 
z from (I) and (3), gives 

7y - 2« = 1 ; 
That of u from (2) and (4), gives 
20y + 6ar = 38. 
Multiplying the first of these equations by 3, and aciding 

41y = 41 ; 
Whence y = 1. 

Subsiitutmg this value in 7y — 2ic = 1 , we find 

« = 3. 
Substituting fo. x its value in equation (2), it becomes 

4i* - 6 = 30 : 
Whence « = 9. 

And substituting for y its value in equation (3), there 

T&S\k\tA 

z ^5. 



r?o 
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I. Given 



BXAMPLES. 

x+ 2y+ 3z = 62 . . _ 
^ I t > to find X, y and a 

^n*. « = 8, y = 9, « = 12. 



2. Given 



4« — 2y + bz = 18 I to 
6«+ 7y- « = 63J 



find Xy y and e. 
Ans, x^SjyzzzlfZz^A, 



8. Given ^ 



.1.1 

« -I- 2-y + 3- ^ = ^2 

1 !_ 1 ^ 1 1^ 

1.1.1 



► to find «, y and «. 



^n#. « = 12, y = 20, « =r 30. 

4. Divide the number 90 into four such parts that the 
tot increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, shall be. equal 
each to each. 

This problem may be easily solved by introducing a new 
unknown quantity. 

Let «, y, z, and w, be the required parts, and desigr ate by 
m the several equal quantities which arise from the condi 
lions. We shall then have 



dP -f 2 = »», y — 2 =r «i, 22 =: m, — - = m. 
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F/om which we find, 

«=!» — 2, y = m + ft, « = — , u=z27/L 
And bj adding the equations, 

X r y + z fw = m + n + — +2»» = 4Jm. 

A.nd flince^ by the conditions of the problem, the firs 
member is equid to 90, we have 

4t^m = 90 or, |»i = 90 ; 

hence, w = 20. 

Having the value of m, we easily find the other values ; 
viz. 

a: = 18, y = 22, g = 10, u = 40. 

5. There are three ingots composed of different metals 
mixed together. A pound of the first contains 7 ounces of 
silver, 3 ounces of copper, and 6 of pewter. A pound of 
the second contains 12 ounces of silver, 3 ounces of copper, 
and 1 of pewter. A pouni of the third contains 4 ounces 
of silver, 7 ounces of copper, and 5 of pewter. It is re- 
quired to find how much it will take of each of the three 
ingots to form a fourth, w^hich- shall contain in a pound, 8 
ounces of silver, 3 J of copper, and 4J of pewter; 

Let ar, y, and z lepresent the number of ounces which it 

is necessary to take from the three ingots respectively, in 

order to form a pound of the required ingot. Since there 

are 7 ounces of silver in a pound, or IG ounces, of the first 

ingot, it follows that one ounce of it contains ^f^ of an 

our ce of silver, and consequently in a number of ounces 

7« 
Jchotod by Xy there is -r^ ounces of silver. In the same 
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12y 4z 

mannei we would find that -—^ and — , express the num- 
ber of ounces of silver taken from the seoond and third, to 
form the fourth ; but from the enunciation, one pound of 
tills fourth ingot contains 8 ounces of silver. We have, 
then, for the first equation, 

16^ 16 ^16 ' 

vr, making the denominators disappear, 

7a:+ 12y + 42f= 128. 
As respects the copper, we should find 

3« + 3y + 7« = 60, 
and with reference to the pewter 

6a; + y + 5a = 68. 

As the co-efliciciits of y in these three equations, are the 
most simple, it is convenient to eliminate this unknown 
quantity first 

Multiplying the second equation by 4, and subtracting the 
first from it, member from member, we have 

5x-\-2^z=r 112. 

Multiplying the third equation by 3, and subtracting tht' 
second from the resulting equation, we have 

15ar + 8a = 144. 

Multiplying this last equation by 3, and subtracting thr 
pieoeding one from the resulting equation, we obtain 

40ar = 320, 

whence x = 8. 
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Substitute this value for x iu the equation, 
15x + 82 = 144 ; 
it becomes 120 + %z = 144, 

whence 2; = 3. 

Lastly, the two values ^ = 8, a; -•= 3, being substituted in 
the equation 

6« + y + 5« = 68, 
give 48 + y + 15 = 68, 

whence y = 5. 

Therefore, in order to form a pound of the fourth ingot, 
we must take 8 ounces of the first, 5 ounces of the second, 
wd 3 of the third. 

Verification, 

If there be 7 ounces of silver in 16 ounces of the fi&il 
ingot, in 8 ounces of it, there should be a number of ounces 
of silver expressed by 

'-^ 7X8 

"16- 
In like manner, 

12 XS , 4X3 

-16- »"^ ^6- 
will express the quantity of silver contained in 5 ounces 0/ 
the second ingot, and 3 ounces of the third. 
Now, we have 

7X8 12X5 4 X3 128 _ 
16 "*" 16 "^ 16 "" 16 " ' 
Uiercfore, a pound of the fourth ingot contains 8 ounces oi 
silver, as required by the enunciation. The same conditiont 
may be verified with respect to the copf er and pewter. 
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6. A'fl age is double B^s, and B^s Is triple of Cs, and the 
sum of all their ages is 140. What is the age of each ? 

Ans. A's = 84, B's = 42, and C's = 14. 

7. A person bought a chaise, horse, and harness, for £00 ; 
the horse came to twice the price of the harness, and the 
chaise to twice the price of the horse and harness. What 
did ho give for each 1 (£IS Qs. Sd, for the horse. 

Ans. }£ 6 13«. 4d. for the harnesSi 
( £40 for the chaise. 

8. To divide the number 36 into three such parts that J 
of the first, | of the second, and \ of the third, may be ali 
equal to each other, Ans, 8, 12, and 16. 

9. If A and B together can do a piece of work in 8 days, 
A and C together in 9 days, and B and C in ten days ; how 
many days would it take each to perform the same work 
alone ? Ans, A 14JJ, B 17}f , C 23/i. 

10. Three persons, A, B, and C, begin to play together, 
having among them all $600. At the end of the first game 
A has won one-half of B's money, which, added to his own, 
makes double the amount B bad at ^.si.' In the second 
game, A loses and B wins just as much as C had at the 
beginning, when A leaves off with exactly what he had at 
first. How much had each at the begjjlnbing;^ 

Ans. A ISOO, B |200, C $100. 

11. Three persons, A, B, and C, together possess |8640. 
If B gives A $400 of his money, then A will have $320 
more than B; but if B takes $140 of C's money, then B 
and C will have equal sums. How much has each 1 

Ans. A $800, B $1280, C $1560. 

12. Three persons have a bill to pay, which neithei 
alono is able to discharge. A says to B, ** Give mc the 
4th of your money, and then I can pay the bill." B says 
to C, "Give me the 8th of yours, and I can pay it. But 
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C says ta A, " You must give me the half of yours before 
I can pay it, as I have but $8." What was the amount of 
their bill, and how much money had A and B ? 

. C Amount of the bill, tl3 
\ A had tlO, and B |12. 
13. A person possessed a certain capital, which he placed 
out at a certain interest Another person, who possessed 
lOOOO dollars more than the first, and who put out his capi 
tal 1 per cent, more advantageously, had an income greater 
by 800 dollars. A third person, who possessed 15000 dol 
lars more than the first, putting out his capital 2 per cent, 
more advantageously, had an income greater by 1500 dol- 
lars. Required the capitals of the three persons, and the 
rates of interest. 

( Sums at interest, $30000, $40000, 45000. 



-i 



Rates of interest, 4 5 6 pr. ct. 

14. A widow receives an estate of $15000 from her de- 
ceased husband, with directions to divide it among two sons 
and three daughters, so that each son may receive twice as 
much as each daughter, and she herself to receive $1000 
more than all the children together. What was her share, 
and what the share of each child 1 

{ The widow's share, $8000. 

Ans. \ Each son's, 2000. 

^•; ( Each daughter's, 1000. 

15. A certain sum of money is to be divided between 
three persons. A, B, and C. A is to receive $3000 less 
than half of it, B $1000 less than one-third part, and C to 
receive $800 more than the fcurth part of the whole. What 
is the sum to be divided, and what does each receive ? 

Sura, $38400. 

. J A receives 16200 

^"'•^B « 11800 

.0 •« 10400 
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CHAPTER IV. 

Of Powers, 

79, If a quantity be multiplied any number of times D> 
(tsfilf, the product is called a power of the quantity. Thus, 

a-=aS is a root, or first power of a. 

ay^ a'=zc?- is the square, or second power of a. 

a X a X a = a^ is the cube, or third power of a. 

axay,ay,az=,a^ is the fourth power of a. 

^)<.ay.a'Kay.a-=:.a^ is the fifth power of a. 

In every power there are three things to be considered • 

1st. The quantity which is multiplied by itself, and which 
b called the root^ or the first power. 

2d. The small figure which is placed at the right, and a 
little above the letter. This figure is called the exponent 
of the power, and shows how many times the letter enters 
as a factor. 

8d. The power itself, which is the final product, or result 
)f the multiplications. 

19, If a q'iat.iity be continually multiplied by itself what h the pro 
iuct called I How many things are to be considered in every power f 
What are thev 
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For example, if we suppose a = 3 we have 

a = 3 the 1st power of 3. 

a2 = 32=3x3=: 9 the 2d power of 3. 

a^ = 33 = 3 X 3 X 3 = 27 the 3d power of 3. 

a4 = 3«=:3 X3 X3x3= 81 the 4 th power of 3. 

»• = 3* = 3 X 3 X 3 X 3 X 3 = 243 the 5th power of 3 

In these expressions, 3 is the root, 1, 2, 3, 4 and 5 are 
the exponent, and 3, 9, 27, 81 and 243 are the powers. 

To raise a monomial to any power. 

80. Let it be required to raise the monomial 20^6^ to 
the fourth power. We have 

'{2aWY =2a36» X 2a^b^ X 2a36^ X 2a^% 

which merely expresses that the fourth power is equal to 
the product which arises from taking the quantity four 
times as a factor. By the rules for multiplication, this pro- 
duct is 

from which we see, 

Ist That the co-efficient 2 must be raised to the 4th 
power ; and, 

2d. That the exponent of each letter must be multiplied 
by 4, the exponent of the power. 

As the same reasoning would apply to every example, 
we have, for the -aising of monomials to any power, the 
following 
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BULE. 

I. Eaise the co-efficient to the required power, 

II. Multiply the exponent of each letter by the expomnt of 
tht power. 

EXAMPLES. 

1. What is the square of Za^y^l Ana. 9ay 

2. What is the cube ofQa^y^zl Ans. 216ai«yV 

3. What is the fotirth power of 2a^y^b^ ? 

Ans. Kja^Y^b^ 
4 What is the square of a^^V ^ -^n^. a*6' Y 

5. What is the seventh power of a^bcd^ 1 

Ans. a^^lPc'^d:^ 

G. What is the sixth power of a^^c'^d% Ans. a}'^h^h^\l 

7. What is the square and cube of — 2a^6* ? 

Square. Cube. 

- 2a26V _ 2aH^ 

- 2a^^ -20262 
+ 4a*6*. + 4a*M 

- 2a262 

- 8a%\ 

By observing the way in which the powers are formed, 
we may conclude, 

1st. When the root is positive^ all the powers will be positive. 

2d. When the root is negative, all powers denoted by an 
even exponent will be positive, and all denoted by an odd ex 
\H>nent will be negative. 

80 > IrV hat is a monomial ? Give the rule for raiaiDg a monomial to any 
power. When the root is poeitive, how will tlie powers be ? When thf 
fooi is Degative, how will the powers be ? 
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«. What is the square of — 2 «*&« 1 Ans. ^a^h^^ 

9 What is the cube of — 5aVc ? Ans. — 125ai Vc^ 

10. What is the eighth power of — aHy^ \ 

Ans, + a^*x®y^* 

11. What is the seventh power of — a^yn^ % 

Ana, — a^yjp' 

12. What is the sixth power of 2ai*y* ? 

Ans. iAa^^y^^ 

13. What is the ninth power of — cdx^y^ 1 

Ans. ^c'^d^x^Y'^ 

14. What is the sixth power of — Sab^dl 

Ans. 729a«6^2rf« 

15. What is the square of - lOa^ftV ? Ans. 100a*Mc«. 

16. What is the cube of - 9a^b^dY^ ? 

Ans. - 729ai«6-srfy«. 

17. What is the fourth power of — 4a^Pc*d^ 1 

Ans. 256a2«6'2c»«(i»<*. 

18. What is the cube of - 4aH^(^dl 

Ans. -64a«66cV3. 

19. What is the fifth power of 2a^ll^xy 1 

Ans. 32a»''6^ Vy*. 

20. Wbiit is the square of 20ar*yV1 Ans. 400xV<^'". 

21. What is the fourth power of Sa^^c^l 

Ans. 81a«6«c^». 

22. What is the fifth power of —c^d^x^l 

Ans. ^c^d'^x-Y"" 

23 What is the sixth power of — w^dfl 

Ans. a^c^^c^p 

24 What is the fourth power of - 2aVc?3 1 

Ans lOaVi/'* 
7 
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To raise a polynomial to any power. 

81. A power of a polynomial, like that of a monoiulal, 
is obtained by multiplying the quantity continually by 
t«clf. Thus, to find the fifth power of the binomial a 4 6 
*e have 

a + b ••••••••• 1st power 

a + b 
a* -i- c^ 
• + g& + y 

a* + 2a6 + 6* 3d power. 

o + 6 

a3 + 2a^b + ab^ 

+ a%+ 2ab^ + 63 
a3 + Sa^ + 3a6« + 6» . . . . 3d power. 

g -f 6 

a* -H 3a36 + SaH^ + ab^ 

+ a^b + 3a^6^ + SaP + b^ 
a* + 4a36+ Ga^ft^ + 4a63 + 6* 4th power, 
a + 6 



i' f 4a46+ 6a362+ 40^63 + a6* 

+ a^t+ 4a^^+ Ga%^ + 4ab^ -\' b^ 
a* + 5a*i + lOa^P + lOa^b^ + 5a6* + b^ Ans. 

R^BMARK. — 82. It will be observed that the number of 
multiplications is always 1 less than the units in the expo 



8] HoM is the power of a polynomial obtained t 
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•.ent of the power. Thus, if the exponent is 1, no muitipli 
cation is necessary. If it is 2, we multiply once ; if it is 3, 
twice ; if 4, three times, &a The powers of polynomials 
may be expressed by means of an exponent. Thus, to ex- 
press that a + 6 is to be raised to the 5th power, we write 

(« + 5)», 
which is the expression for the fifth power of a + 6. 
% Find the 5th power of the binomial a — 5. 



tt— 6 


1st power. 
2d power. 


a - b 
a^ — ab 
- ab +b* 

a»-2a6 +6» 

a - b 


a3 - 2a26 + a^ 

- aH+ 2ab^ - 6» 
a3-3a^6+ 3a6» — ft^ . . . . 
a - b 


3d power 


a*-3a36+ 3a262— 06^ 




a4-4a36+ UW - 4a63 ^ 54 
a - 6 


4th power. 




-6« 


a» - 5a*6 -f- \(^aW - 10a263 + 5a6* - 


- 6» 2I1W. 



82 How doe^ the number of maltiplicationa compare with the 
expomnt of the power ? If thb erpcnent is 4, how many multipllca 
ciouBt 
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a. What is the square of 5i — 2c + rf 1 



5a - 


2c + 


d 






5a - 


2c + 


d 






45a»- 


10ac + 


5ad 




— 


10ac + 


4c* - 


■2cd 






+ 


5orf- 


-2ed + 


<P 



25a^ — 20ac -f lOad + 4c^ — 4crf + cP am. 
4 Find the 4th power of the bmomial 3o ~ 26. 

3a — 25 , Ist power. 

3a - 25 



9a2 - 6a5 

- 6a5 +45 
9^2 — 12a5 4- 452 . 


. . . . 2d 


3a - 25 




27a3- 36a25 + 12a52 
- 18a»5 + 24a52 - 


853 


27a3- 54a25 + 36a52- 
3a - 25 


853 . • 3d 


81a* - 162^35 + 108a252 
- 54a35 + 108a25« - 


-24a53 

- 72a53 + 165* 


81a*-216a35 + 21Ca252. 


- 96a53 + 1C5* 



3d powei. 



5. What is the square of the binomial a + 11 

Ans. a^ 4 2a f I 

0. What is the square of the binomial a — 1 1 

A-is, a^ — ^a f- I. 

7. What is the cube of 9a — 35 1 

Ans, 729a« - 7290^5 + 243a5a - nh\ 

8. What is the third power of a — 1 ? 

Ans, a» - 3«M 3a - \, 
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9 What is the 4th power of ar — ^1 

Ans. r* — 4x^y -\- 6^V _ .j^^a ^. y* 

10 What is the. cube of the trinomial x + y + z*^ 

Answer. 
rH 3ar2^ \-Sx^z-\-Sxy^-]-Sxz^+Sy^z+Syz^+Qxyz+y^-{ ^. 

1 1 . What is the cube of the trinomial 2a^ — 'iab + Sb^l 
Answer. 
fw -48a*6 f 132a*62 -208a363+ 198a26*-10"'j6»+276« 

7b rawe a fraciion to any power. 

83. A power of a fraction is obtained by mu' liplying the 
fraction by itself a certain number of times, that \s, by 
multiplying the numerator by the numerator, t id the deno- 
minator by the denominator. 

Thus, the cube of -=- which is written 



Is found by cubing the numerator and dene ainator sep" 
rately. 

ci ~ • c 
2. What is the square of the fraction -r--r — ? 

"X" c 

We have 

\b + c) *" (6 -u cY ~ 62 ^_ 26c + c2 

8. What ia the cube of -^ ? Ans. ^f^ ■ 

36c 276V 



88 Utiw do you find Uie {lower of a fraction t 
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4 What is the fourth power of :r-r-:. ? 



Am. 



6. What is the cube of ^LlLl ? 

6. What is the fourth power of — : — ? Am, ,^ - 

^ 4ay 16y* 

7, What is the fifth power of ^ 1 ^iw. ^"^"^ 



18y« • ' 32yV 



8. What is the square of ; ^ ] 

by ^ X 



. a^x^ — - 2<My + y* 
'^''*- 6 V - 2*^ + *» ' 

9. What is the cube of ^""^^? 
a?+2y- 

8a3 - 36a»& + 54a6» --^ 276^ 

Binomial Formula, 

84. The method which has been explained of raising a 
binomial to any power, is somewhat tedious, and hence 
other methods, less difficult, have been anxiously sought 
for. The most simple which has yet been discovered, is 
that of Sir Isaac Newton, by means of the JBinomtal 
Formula, 



81. What 18 the object of the Binomial Formula' Who discovcrod 
Uiis foniiula I 
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85. In raising a quantity to any power, it is plain that 
there are four things to be considered : — 

1st. The number of terms of the power. 

2d. The signs of the terms. 

3d. The exponents of the letters. 

4th The co-efficients of the terms. 

Of the Terms. 

86. If we take the two examples of Article 81, which 
we there wrought out in full ; we have 

(a H by = a* + 5a*6 + lOa^^ + lOd^P + bab^ + &« ; 

(a - by = a» - 5a*6 + lOa^^ - lOa^^^ + ba¥ — bK 

By examining the several multiplications, in Art. 81, we 
shall observe that the second power of a binomial contains 
three terms, the third power four, the fourth power five, the 
fifth power six, &c. ; and hence, we may conclude — 

Tfiat the number of terms in any power of a binomial^ is 
greater by one^ than the exponent of the power. 

Of the Signs of the Terms. 

87. It is evident that when both terms of the given 
binomial are plus, all the terms of the power mil be plus: 

2d. If the second term of the binomial is negative, then 
all the odd terms^ counted from the lefty mil be positive^ and 
all the even terms negative. 

8§* In raisiDg a quantity to any power, how many things are to be 
eoDsiilered I What are they ? 

86« How many terms are there in any power of a binomial t If the 
exponent is 8, how many terms ? If it is 4, how many terms ? If 6 1 <bc 

87i [f both terms of the binomial are positive, how are the terms of 
tile power I If the second tenc is negative, how are the signs of llw 
tmusf 



152 KLEMSNTART ALGEBRA. 

Of tlve JExponents. 

88. The letter which occupies the first place .n a bine 
mial, is called the leading letter. Thus, a is the leadiug 
letter in the binomials a + h^ a — h, 

1st. It is evident that the exponent of the leading letter^ 
in the first term, will be the same as the exponent of the 
power; and that this exponent will diminish by unity in 
each term to the right, until we reach the last tei m, which 
does not contain the leading letter. 

2d. The exponent of the second letter is 1, in the second 
term, and increases by unity in each term to the right until 
we reach the last term, in which the exponent is the same 
as that of the given power. 

3d. The sum of the exponents of the two letters, in any 
term, is equal to the exponent of the given power. This 
last remark will enable us to verify any result obtained by 
means of the binomial formula. 

Let us now apply these principles in the two following 
examples, in which the co-efficients are omitted : — 

(a + *)«... a« -f a^b + a^b^ + a%^ + a%^ + ah^ + h\ 

(a - 6)« . . . a« - a^b + a^b^ - aW + a^fi* - aft* + 6«. 

As the pupil should be practised in writicg the terms, 
with their proper signs, without the co-efTicients, we will add 
a few more examples. 



88« Which ia the leading letter of a V.^iJA I T/Lat is the exponent 
of this letter in the first term I Hew uc^ee It change in ^iie ternia to 
wards tlie right? What is the expo6t>dt of tlie second letter in Um 
second term f How does it chang > lU the terms towards the right t 
What is it in the last term ? Wha< .u >'b8 srju of the ezprAents in sn^ 
term cqiia] tj t 
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\. (a + 5)5 . . a3 4- a^b f- ab^ + bK 

2. {a --by. .a* - a^b + aW - aft^ + 6^. 

3. (a + 6)» . . a» + a*6 + a^ft^ H a^b"^ + a6* + l«. 

4. (a -6)'. . a'-a«6+(7562-a*i^+a36<-a26«+a6^-.6 

Qf ^Ae Co-effijcknts 

89, The oo-efficient of the first term is unity. The cc 
efficient of the second term is the same as the exponent o\ 
the given power. The co-efficient of the third term is found 
by multiplying the co-efficient of the second term by the 
exponent of the leading letter, and dividing the product by 
2. And finally — 

If ike co-efficient of any term be multiplied by the exponent 
of the leading letter^ and the prodiict divided by the number 
which m>arJc8 the place of that terin from Hie left^ tfs* quotient 
will be the co-efficient of the next term. 

Thus, to find the co-efficients in the example 

{a-by . . . a'^-a^-i-a^b^-'a^P-ha^^-a^b^+ab^'-b' 

we first place the exponent 7 as a co ^.fficient of the second 
term. Then, to find the co-efficienfc of the third term, we 
multiply 7 by 6, the exponent of a, and divide by 2. The 
quotient 21 is the co-efficient of the third term. To find the 
co-efficient of the fourth, we multiply 911 by 5, and divide 
the product by 3 : this gives 35. To find the coefficient of 
the fifth term, we multiply 35 by 4, and d'vide the produci 
by 4 : this gives 35. The co-efficient of the sixth tern% 
found in the same way, is 21 ; that of the seventh, 7 ; cr«l 
that of the eighth, 1. Collecting these co-effir-ionts, 

(a -6)' = 

a*-7a«6f2ia*62-35a*6^'-f35a36*-2]a269-l 7/|*«- i' 
7* 
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Remark. — We see, in examining this last result, that the 
eo-eflicients of the extreme terms are ejuih unity, and that 
the co-efficients of terms equally distant from the extreme 
terms are equal. It will, therefore, be sufficient to And the 
oo-efficients of the first half of the terms, and from these 
the ethers may be immediately written. 

SXAMPLBS. 

1, Find the fourth power of a + b. 

Ans. a* + 4a3ft + GaW + 4ab^ + A*, 

2, Find the fourth power of a — b. 

Am. a* - 4a^ + 6a^^ - 4ab^ + ft*, 

8. Find the fifbh power of a + &. 

Ans. a» + ba^b + lOa^^ +- lOa^b^ + 5aM -+ ft». 

4. Find the fifth power of a — 6. 

Ans. a« - 5a*6 + lOa^^ - lOa^b^ + Soft* - ft». 

5. Find the sixth power of a + 6. 

Ans, a« + 6a«6 + 15a*62 + 20a^b^ + Iba^b^ + 6a&» + A«. 

6. Find the sixth power of a — 6. 

Ans. a« - 6a^b + lba*b^ — 20a^b^ + I5a^b* - 6a6» + 6« 

7. Let it be required to raise the binomial 3a'c — 2bd to 
'he fourth power. 

It frequently occurs that the terms of the binomial are 
affected with co-efficients and exponents, as in the above 



tfOi What is the oo-officient of the first term f What is the oo-cfficickit 
of tha second f How do you find the co-efficient of the third icrmf 
How do you find the co-efficient of any terra ? Wliat are tho co-cffi* 
dents of the first and last terms ! How are the co-eificicntr of terme 
bquallj distant fi-oir. the twj extremes ! 
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exa.nple. In the first place, we represent each term of the 
binomial by a single letter. Thus, we place 

3aV = a?, and — 2W = y, 

we then have 

{z + yY=zx* + 4x^y + 6xY + 4ay3 + ^K 

But, «* = 9a*c2, x^ = 27a«c3, «* = 81aV ; 

and y» = 462(^, y^ = - Sft^c^, y* = 16&*rf*. 

Substituting for x and y their values, we have 

(3aV-2W)*=(3a«c)*+4(3a2c)3 (-2W)+6 (3a2c)2 (-2W)^ 
+ 4(3a2c) ( - 2W)3 + ( - 2bd)\ 

and bjr performing the operations indicated, 

(3a3c - 26(f)* = 81aV-216a«c3W+216a*c262^-96a2c63<i 
+ IWdK 

8. What is the square of 3a — 661 

^iw. 9a« - 36a6 + 306^ 
9 What is the cube of 3a? — 6y ? 

^«*. 27«3 - 162«»y + 324«y» - 216y». 

10. What is the square of a? — y ? 

Ans. a^ — 2ay 4 y'- 

11. What is the eighth power of «j + n ? 

Ans. m8+8wi'«+28m«»2+56m»«3+70m*n*+ 56mV 

+ 28w2n« + 8m»' + nK 

1% What is the fourth power of a — 36? 

Ans. a* - 12a36 + b4a^b^ - lOSaft^ + 81ft* 

13. What is the fifth power of C'-2dl 

Ans. c« - iOc^d + 40c^d^ - QOc^d^ + 80crf* - 82J« 

U. What is the cube of ba^Sdl 

Ans. 125a5 - 225a»ci + 135a<P - 27t/». 
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Remark. The powers of a polynomial may easily be 

found by the Binomial Formula. 

15, For example, raise a + b + c to the third power. 
First, put . . . . b + c= d: 

Then, {a + b + cy={a + d)^ = a^ + Sa^rf + 3a<f« f P 
Or, by substituting for the value of «?, 

(a + ft + c)3 = a3 + 3a26 + Sab^ ^. b^ 

Sa^c + Sb^c + 6a6tf 

+ 3ac» + 36c2 

+ ^. 

This expression is composed of the sum of tiie cubes oj M 
th^ree terms, plus three times the square of each term by the 
product of the first powers of the two others, plus six times 
the product of the three terms. It is easily proved that this 
law is true for any polynomial. 

To apply the preceding formula to the development of 
the cube of a trinomial, in which the terms are affected with 
co-efficients and exponents, designate ea>ch term by a single 
letter, then replace the letters introduced, by their values, and 
perform the operations indicated. 

From this rule, we find that 

(2o« - 4a6 + 352)3 = Sa^ - 48a«6 + \Z2a^b^ - 208a36» 
+ 198a26* - 108a6« + 276«. 

The fourth, fiflh, dec, powers of any polynomial can be 
found in a similar manner. 

16. What is the cube of o — 26 + c ? 

Ans. a3 - 8^ + c3 - Oa^ft + Za^c + l^ah^ -f- \W^e+\u^ 
- 6ftc2 ^ \2ahe. 
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CHAPTER V. 

Eoctraciion of the Square Boot of Numbers. Formation 
of the Square and Extraction of the Square Root of 
Algebraic Quantities. Calculus of Radicals of the 
Second Degree, 

90. The square or second power of a number, is the pro- 
duct which arises from multiplying that number by itself 
once: for example, 49 is the square of 7, and 144 is the 
square of 12. 

91. The square root of a nuinber is that number which, 
being multiplied by itself once, will produce the given num- 
ber. Thus, 7 is the square root of 49, and 12 the square 
root of 144 : for 7, X 7 = 49, and 12 x 12 = 144. 

92. The square of a number, either entire or fractional, is 
Rasily found, being always obtained by multiplying this 
number by itself once. The extraction of the square root 
of a number is, however, attended with some difficulty, and 

equires particular explanation. 



1^0 What is the square, or second power of a Dumlifr I 
91« Wliat ia Uic square root of a number 9 
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The first ten numbers are, 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10; 

and their squares, 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100; 

and reciprocally, the numbers of the first line are the square 
roots of the corresponding numbers of the second. We may 
also remark that, the square of a number expressed by a single 
figure^ will contain no unit of a higher denomination than 
tern,* 

The numbers of the last line, 1, 4, 9, 16, &c., and all 
other numbers which can be produced by the multiplication 
of a number by itself, are called perfect squares. 

It is obvious that there are but nine perfect squares among 
all the numbers which can be expressed by one or two figures : 
the square roots of all other numbers expressed by one or 
two figures, will be found between two whole numbers dif- 
fering from each other by unity. Thus 55, which is comprised 
between 49 and 64, has for its square root a number between 
7 and 8. Also 91, which is comprised between 81 and 100, 
has for its square root a number between 9 and 10. 

93. Every number may be regarded as made up of a 
certain number of tens and a certain number of units. Thus 
64 is made up of 6 tens and 4 units, and may be expre^se^ 
under the form 60 + 4. 



ii2i What will be the highest denomination of the square of a d imbez 
ezi>re8sed by a single figure f What are perfect squares t Hciw mao^ 
ore there between 1 and 100 ! What are they f 

• Bee Arithmcllc. Art. 8. 
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Now, if we represent the tens by a and the units by 6, 
we shall have 

a + b =64, 
and (a+ 6)2= (64)2; 

or a^ + 2ab + b^ =4096. 

Which proves that the square of a number composed of 
teno and units, equals the square of the tens plus twice th$ 
product of the tens by the units, plus the square of the units, 

94. If now, we make the units 1, 2, 3, 4, &c, tens, or 
units of the second order, by annexing to each figure a 
cipher, we shall have 

10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 

vid fbr their squares, 

100, 400, 900', 1600, 2500, 3600, 4900, 6400, 8100, 10000. 

From which we see that the square of one ten is 100, the 
square of two tens 400 ; and generally that the square of 
tens will contain no unit of a less denomination than hun 
dreds, nor of a higher name them thousands. 

Ex. 1. — To extract the square root of 6084. 

Since this number is composed of more than 
two places of figures, its root will contain 60 84 

more than one. But since it is less than 
10000, which is the square of 100, the root will contain but 
two figures : that is, units and tens. 

Now, the square of the tens must be found in the two 



9ii How may every number be regarded \a made up I What w the 
bqna e of a number composed of tens and unite equal U I 

84 What is the square of one ten equal to! Of 2 tent' Of 9 
UT»t Ac 



118 4 
118 4 
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left-Land figures, which we will separate from the other two 
by putting a point over the place of units, and a second over 
the place of hundreds. These parts, of two figures each, are 
called periods. The part 60 is comprised between the two 
squares 49 and 64, of which the roots are 7 and 8 : hence^ 
7 expresses the number of tens sought; and the required root 
b composed of 7 tens and a certain number of units. 

The figure 7 being found, we 
write it on the right of the given 60 84 78 

Dumber, from which we separate 49 

it by a vertical line : then we 7 x 5^ = 14 8 
subtract its square, 49, from 60, 
which leaves a remainder of 11, 

k) which we bring down the two 

next figures 84. The result of this operation, 1184, con- 
tains twice tlie prodv4t of the tens by the units, plus the sqvart 
of the units. 

But since tens multiplied by units cannot give a product 
df a less unit than tens, it follows that the last figure, 4, 
can form no part of the double product of the tens by the 
units : this double product is therefore found in the part 118, 
which we separate from the units' place, 4. 

Now if we double the tens, which gives 14, anij then divide 
118 by 14, the quotient 8 will express the units, or a nuia- 
ber greater than the units. This quotient can never be t^o 
small, since the part 118 will be at least equal to twice the 
product of the tens by the units : but it may be too large ; 
hr the 118, besides the double product of the tens by the 
anits, may likeMise contain tens arising from the square 
jf the units. To ascertain if the quotient 8 expresses the 
aumber of units, wc write the 8 on the right of the 14, 
#'hioh gives 148, and then we multiply 148 by 8. Thus 
i*'o evidently form, 1st, the square of tho units ; and, 
2d, lb' double product of the tens by the units, lliis 
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multiplication being effected, gives for a product 1184, a 
number equal to the result of the first operation. Having 
subtracted the product, we find the remainder equal to : 
hence, 78 is the root required. 

Indf,e4 in the operations, we have merely subtracted 
from the iven number 6084, 1st, the square of 7 tens, or of 
70 ; 2d, twice the product of 70 by 8 ; and, 3d, the square 
of 8 : that is, the three parts which enter into the composi* 
don of the square 70-+ 8, or 78; and since the result of 
the subtraction is 0, it follows that 78 is the square root of 
6084. 

95 • Remark. — ^The operations in the last example have 
been performed on but two periods, but it is plain that the 
same methods of reasoning are equally applicable to larger 
numbers, for by changing the order of the units, we do not 
change the relation in which they stand to each other. 

Thus, in the number 60 84 95, the two periods 60 84 
have the same relation to each other as in the number 
60 84 ; and hence the methods used in the last example 
are equally applicable to larger numbers. 

96. Hence, for the extraction of the square root of 
numbers, we have the following 

RULE. 

I. Separate the given number into periods of two figure* 
eachy beginning at the right hand: — the period on the left will 
often contain but one figure. 

II. Find the greatest square in the first period on the left^ 
Qsidphiee its root on the righty after the manner of a quotient 



^%» Will ihe reasoning m the example apply to more llian twc 

periodnt 

8 
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in division^ SubtrcLCt the square of this root from the first 
period^ and to the remainder bring down the second period for 
a dividend, 

III. Double the root already founds and place it on the left 
for a divisor. Seek how many times the divisor is contained 
in Hie dividend, exclusive of the right-hand figure^ and place 
the figure in the root and also at tlve right of the divisor. 

IV. Multiply the divisor^ thtis augmented^ by the last figure 
^f tlie root, and subtract the product from the dividend, and to 
the remainder bring down the next period for a new dividend. 
But if any of the products should be greater than the divi^ 
dend, diminish the last figure of the root by one, 

V. Double the whole root already found, for a new divisor 
and continue the operation as before, until all the periotis an 
brought down, 

97. 1st. Rbmark. — If, after all the periods are brought 
down, there is no remainder, the proposed niunber is a per 
feet square. But if there is a renaainder, you have only 
found the root of the greatest perfect square contained in 
the given number, or the entire part of the root sought. 

For example, if it were required to extract the square 
root of 665, we should find 25 for the entire part of the 
root, and a remainder of 40, which shows that 665 is not 
a perfect square. But is the square of 25 the greatest per- 
fect square contained in 665 1 that is, is 25 the entire part 
of the root] To prove this, we will first show ihat, the 
difference between the squares of two consecutive numbers, it 
equal to twice the less number augmentei by one, 

96i Oiye the rule for extracting the square root of numben Wb&t ui 
be fint step t What the second ! What the third ! What the fuurtt i 
Whattkefiflht 
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Let • . a = the less number, 

and . . a -I- 1 = the greater. 

Then . (a + l)^ = a* + 2a + 1, 

Mid . . (a)3=:a2. 

Their difference = 2a + 1 as enunciated. 

Hence, the entire part of the root cannot be augmented 
unless the remainder is equal to or greater than twice the 
root found, plus one. 

But 25 X 2 + 1 = 51 > 40 the remainder : therefore^ 25 
is the entire part of the root. 

98. 2d Remark. — The number of places of figures in the 
root will always be equal to the number of periods into 
which the given number is separated. 



EXAMPLES. 

1. To find the square root of 7225. Aius, 85 

2. To find the square root of 17689. Ans. 133. 

3. To find the square root of 994009. Ans. 997, 

4. To find the square root of 85673536. Ans. 9256. 

5. To find the square root of 67798756. Ans. 8234. 

6. To find the square root of 978121. Ans. 989. 

7. To find the square root of 956484. Ans. 978. 

8. What is the square root of 36372961 1 Ans. 6031. 

9. What is the square root of 220712041 Ans. 4698. 

10. What is the square root of 106929 1 Ans. 327. 

11. What is the square root of 12088868379025 ] 

Ans. 3470905 



f R« How maiij (ii«ruie8 will you ahvaye find in Ibe rout • 



IM 
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99. 3d Kemajik. — If the given number has not an exact 
root, there will be a remainder after all the periods ars 
brought down, in which case ciphers may be annexed, form 
ing new periods, for each of which there will be one deci- 
nal place in the root. 

1. What is the square root of 30729 1 



In this example there are 
two periods of decimals, 
and hence, two places of 
decimals in the root. 



3 67 29 

1 



191.64+ 



2 267 
261 



38 1 
382 6 
3832 4 



629 
381 



24800 
22956 



184400 
153296 



31104 Rem. 



% >Vhat is the square root of 2268741 1 



Ans. 1506.23+, 



8 What is the square root of 7596796 1 



4. What is the square root of 96 1 
6. What is the square root of 153 1 
0. What Is the square root of 101 1 



^n*. 2756.22 f. 



Ans. 9.79796 +. 



Ans. 12.36931 +« 



Ans. 10.04987 +. 



f tft Uoir will you find the dociinal }Kirt of the root f 
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7 What h the square root of 285970396644 1 

Am. 534762. 

8 What is the square root of 41605800625 1 

Ans. 203976. 
9. What is the square root of 483035842060&t ? 

Ans. 6950018 

Extraction of the square root of Fractions. 

100. Since the square or second power of a fraction it 
obtained hy squaring the numerator and denominator sepa- 
rately, it follows that the square root of a fraction will be 
equal to the square root of the numerator divided by the 
square root of the denominator. 

For example, the square root of tj is equal to -7-: fc^ 
a a a* 

1. What is the square root of ~ ? 

9 

2. What is the square root of —1 

64 

8. What is the squan* root of -^r- 1 

ol 

256 
4. What is the square root of ^^^-l 

Ifi 

6. What is the square root of ^7 ? 

o4 

lOO* If tiae Dumerator and denominator of a fraetiun are perfec 
squares, how will yoa extract the square ruot t 



Am. 


1 
3 


Ans. 


3 
4 


Am. 


8 
9 


Ant 


16 
IS 


Ant. 


1 
2 
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0. What is the square root of - ,._, 1 Ana. tt—, 

oliK/U !247 

^ wu ♦ • ♦v . f' 582169 , . 76S 

7. What IS the square root of - 1 Ant. — -- 

101. If neither the numerator nor the denominii .or is a 
perfect square, the root of the fraction cannot be exactly 
found. We can, however, easily find the approximate ro<»t. 
For this purpose. 

Multiply both terms of the fraction by tJie denominator^ 
which makes the denominator a perfect square without altering 
the value of the fraction. Then, extract the square roc* of the 
numerator y and divide this root by the root of the denomina- 
tor ; this quotient toill be the approximate root, 

o 

Thus, if it be required to extract the square root of -p^ 

15 

we multiply both terms by 5, which gives ^ • 

We then have 

>/T5 sc 3.8729 + : 

hence, 3.8729 + -r 5 = .7745 + = Ana. 

7 

2. What is the square root of —1 Ans. 1.32287 4 . 

14 

3. What is the square root of —1 ^9^.1.24721+. 



4. What is the square root of Ht^? 



16 

Ans, 3.41869 +. 



101 1 If the nmncrator nod denominivtor of a frftction aro not perftsd 
iquarea, how do you extract the square root f 
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13 

5. What is the square root of 7^ ? Ana. 2.7131 3 + . 

fin 

15 

6. What is the square root of 877^ ^ ^'M. 2.88203 -f , 

5 

7. What is the square root oi —% Ans. 0.64540 -|- 

8. What Is the square root of 10— 1 

Ans. 3.20936 -f . 

102. Finally, instead of the last method, we may, if we 
please, 

Change the vulgar fraction into a decimal^ and continue the 
division until the number of decimal places is double the num- 
ber of places required in the root. Then^ extract the root of 
the decimal by the last rule. 

Ex. 1, Extract the square root of -7 to within .001. 

14 

This number, reduced to decimals, is 0.785714 to within 

0.000001 ; but the root of 0.785714 to the neare&t unit, is 

ft86 ; hence 0.886 is the root of — to within .001. 

2. Find they 2— to within 0.0001. 

Ans. 1.6931 +. 

3. What is the square root of y^ ^ ^^- 0.24253 +. 

7 

4. What is the square root of ~- ? Ans. 0.93541 + . 

o 

5. Wliat is the square root of -- ? Ans. 1.29099 +. 



tOS. By what other method may the root be found t 
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Eztractiofir of the Square Root of Monomials. 

103. In order to discover the process for extracting the 
square root, we must see how the square of a monomia] is 
formed. 

By the rule for the multiplication of monomials (Art 36), 
we have 

that is, in order to square a monomial, it is necessary to 
square its co-efficient, and double the exponents of each of th4 
different letters. Hence, to find the square root of a mono 
mial, we have the following 

RULE. 

I. Extract tlt^ square root of the co-efficienL 
11. Divide the exponent of each letter by 2. 

Thus, -y/MH^* = Sa^^ for Sa^^ X Sa^b^ = 64a«6*. 

2. Find the square root of 625a26V. Ans. 25a&*c». 

3. Find the square root of 576a*i«c8. Ans. 24a^b^t^. 

4. Find the square root of 196a:*yV. Ans. \^yz\ 

5. Find the square root of 4AWb^c^^d}\ 

Ans. 21a*^c*»<^ 

6. Fmd the square root of 784a»26i*ci«(f*. 

Ans. 28aW(Ai. 

7. Find the square root of 81a®i*c*. 

Ans. Oa<6V 



108. How do jou extract the equare looi of a 
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104. From the preceding rule it follows, that i.hen a 
monomial is a perfect square, its numerical coefficient is a 
perfect square and all its exponents even numbers. Thus, 
25a*b^ is a perfect square ; but 9Qab* is not a perfecC square, 
because 98 is not a perfect square, and a is affected with 
an uneven exponent. 

In the latter case, the quantity is introduced into the cal- 
culus by affecting it with the sign y^ i and it is written 
thus: 

y/dSaS^. 

Quantities of this kind are called radical quantities^ or irra 
tional quantities, or simply radicals of the second degree. 
They are also, sometimes called Surds, 

Sudi expressions may oflen be simplified, by emplo} ing 
the principle that, the square root of the product of two ot 
more factors is equal to the product of the squar* roo'" of 
these factors; or, in algebraic language. 

This being the case, the above expression, v/98a6* m 
be put under the form 

^496* X 2a = ViSP X y/^. 

Now, -1/49?*^ may be reduced to 76^ ; hence, 

v/553f=76V25: 
[n like manner, 

V^45i553^-_ y^9a26^;2 X 5W = ^ahc y'SSJ. 

VS84i?I^=r v/i44S2EV^ xl55f = ISi^&V v^jS?. 
8 
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The quantity which stands without 4he radical sign u 
called the ay^fficient of the radical. Thus, in the expres- 
sions 

the quantities 76^, Sabe, l2a6V, are called co-efficients of the 
radicals. 

Hence, to simplify a radical expression of the seoon 
iegree, we have the following 

RULE. 

I. Separate the expression under the radical sign into two 
factors, one of which shall he a perfect square. 

II. Extract the square root of the perfect square, and then 
multiply the root hy the ituiicated square root of the remaining 
factors. 

105. RsMARK. — ^To determine if a given number has any 
factor which is a perfect square, we examine and see if it ii 
divisible by either of the perfect squares 

4, 9, 16, 25, 36, 49, 64, 81, &o., 

and if it is not, we conclude that it does not contain a factor 
which is a perfect square. 



104i When is a mooomial a perfect square t When it is not a perfect 
■quurei hor? is it introduced into the calculus f What are quantities of 
this kind called! May they be amplified f Upon what principle 1 
Whit IB a co-efficient of a radical t Give the rule for reducing radi- 
oals. 

105i How do you determine whether a given nunber has a facttn 
« hK'h is a ]K>rfect square t 
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XXAMPLX8. 

1. Reduce '^5a^be to its simplest form, 

Ans, 5a ^2ahi, 
8. Reduce vT28P«^ to its simplest form. 

Ans. Sh^a^d y/^ 
S. Reduce y^§2aWc to its simplest form. 

Ans, 4a^b*^^2ac* 

4. Reduce y^SGo^S*?" to its simplest form. 

Ans. IGaft^c*. 



5. Reduce /1024a^6V^ to its simplest form. 

Ana. 32a*63c2v^ 

6. Reduce \^29a?b^c^d to its simplest form. 

Ans. 27a36VVSSZ; 

7. Reduce -y/575a'5v3 to its simplest form. 

Ans. Ibd^bHy^ScXS. 

8. Reduce v^l445aV3* to its simplest form. 

Ans. 17ac*<i'v^ 

9. Reduce y/l008aM^ to its simplest form. 

Ans. 12a*cPm*/?«2 

10. Reduce ^^2\bQaW? to its simplest form. 

Ans. 14a«Mc3 /IT. 

I !• Reduce ^AObaPb^d^ to its simplest form. 

Ans. [)a^Pd*x^Sa. 
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106. Since like signs in two factor's give a pi is sign ib 
the product, the square of — a, as well <w that of + a, m il' 
be fl^ ; hence, the square root of a* is "^'tber + a or — a 
Also, the square root of 2^^b^ is either ^- ftoA* or — 5a6' 
Whence we may conclude^ that if a monoinfiil is positiTe^ 
its square root may be affected either with thi sign + or — ^ 
thus, -v/Qo* = zb Sa^ ; for, + Sa^ or — 3a*, 9'^uared, give* 
9a*. The double sign db with which the rout fs affected, Lp 
road plus or mhiu^. 

If the proposed monomial were Mgative^ it ^ ?^Jd be im 
possible to extract its square root, since it hai j.'st been 
shown that the square of every quantity, whethai* native 
or negative, is essentially positive. Therefore, 

y/^^, yf^=^~^, V-8a26, 

are algebraic symbols which indicate operations that cannol 
be performed. They are called imaginary qvantitiea^ oi 
rather, imaginary expressions^ and are frequently met with 
In the resolution of equations of the second degree. The':e 
symbols can, however, by extending the rules, be simplified 
in the same manner as those irrational expressions which 
indicate operations that cannot be exactly performed. Thus^ 
-/— 9 may be reduced by (Art. 104). Thus, 

and ^ — 4a» = -/io^x V^^^ = 2a ^^^=1 : also^ 
^/-8a^6 = v^4a« X - 26 = 2a /=^2S'=2a v/26 X -/=! 



106. Wliat sign is placed before the square root of a mocomial 
Why may you place the sign plus or minus t What is an imaginan 
quoLtity I Why is it called imaginary t 
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Of the (Mcultis of Radicals of ike Second Degtee 

107. A radical quantity is the indicated root of on im 
perfect power. 

The extraction of the square root gives rise to such expres- 
sions as -y/a^ S-y/5^ ^-y/Sj^ which are called irrational 
quantities^ or radicals of the second degree. We will now 
establi^ rules for performing the four fundamental opera- 
tions of Algebra upon such expressions, 

108. Two radicals of the second degree are ^twwVar, when 
the quantities under the radical sign a*re alike in both. Thus, 

3y^ and 5c yT are similar radicals; and so also are 

9v/5" and 7v^ 

Addition, 

109. Radicals of the second degree may be added togetnei 
by the following 

R¥LE. 

I. If the radicals are similar add their ccejffi^ieiitSj and to 
i^i£ sum annex the common radical, 

II. If the radicals are not similar, connect them togethef 
with their proper signs. 

Thus, 3fl ^/5"+ 5c ^/h=i (3a + 5c) -y/ST 

107 What is a radical quantity * What are such quantities called I 
108i When are radicals of the s^^cond degree similar t 
109i How do you ad^ similar radicals of the second degree I Ho 
do you add radicals which are no* Miuilar t 
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bi like mnnner, 

7 V^+ 3 v^ = (7 + 3) V5a = 10 ^. 

Two radicals, which do not appear to be similar at &«t 
Mght, may become so bj simplification (Art 104). 

For example, 
V^8^+ h y/lba = 46 y/^ + 56 y^ .-= 96 V^; 
and 2 V55 4 3^=6v^+3 V^ = v^ 

When the radicals* are not similar, the addition or sub- 
ti ictior. can only be indicated. Tlius, in order to add 
S V^ to 5 y^ we write 

5 V« + 3 y/b7 

XXAMPLB8. . 

1. What is the sum of y/^T^ and y^48a* 7 



2. What is the sum of -^bOa^b^ and y/72a*b^ ? 
3. What is the sum of y -g— and y -j^- ? 

i What is the sum of yn[25 and ySOOo* 1 

il«*. (5 + lOa) v^S 
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5. What is the sum of 4 /JL and * /i29 ? 

V 147 V 294 

6. What is the sum of -/98a2a? and y 36a:» — 36a»l 

7. What is the sum of -/98a2« and y^288a*«« 1 

Am. (7a+12aV)V^ 

8. Require! the sum of -y^2 ard •y/128. 

-4»». 14v/5I 

9. Required the sum of y^ and ^147. 

Am. lOy^ 

10. Required the sum of yj — and a / . 

^^•30V^- 

11. Required the sum of %/^ and 3y^§46«*. 

^w*. (2a + 24x2)/6r 

12. Required the sum of 'v/243 and 10-/363. 

^»». 119 -/I. 



*| What is the sum of v/^^Oo^i* and |/245a86«? 

uin». (8a5 + 7a*63) y/S 



4..Whatis thesumot /75a«6' and /300a«6» 1 

-4;w. (5a^'6'^ + 10«r>ft')-/3i; 
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Sub^roc&m. 

110. To subtract one radical expression from mother 
we have the following 

RULE. 

I. IJ the radicals are similaf^ subtract their coefficients^ and 
to tlie difference annex the common radical, 

YL If th$ radicals are not similar^ indicate their difference 
by the minus sign, 

IXAMFLXS. 

1. What is the difference between 3a ^/T and ay^Tl 
Here, 3a y^ — a -^/T = 2a -y/T Ans. 

2. From 9a y^Sw subtract 6a y^W. 

First, 9ay576» = 27a6-/3rand 6aV5W = 18a6 v/T; 
and 27a6yT- ISaby^ = 9aby/^ Ans. 

3. What is the diflerence of ^/tT and ^Wl 

Ans. -^/^ 



4. What is the difference of y/'Ma^b^ and y/b4^^ 

Ans. (2a6-362)v/6r 



llOt How do JOG subtract EunOar radicals f How do )ru scbttio 
radwala wkick arc nut similar t 
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5. Required the difference of \/-r- and kI — • 



Ans, 



\\\ 



45 

d What is the difference of -/l2§a^5^ and ^'^^^ 1 

Ana. {^h - 4a*) y/'Ht 
# What is the difference of y^iSo^P and y^oS 1 

Ana, 4a6-y/3ai — 3y^ 
8. What is the difference of V^^**^ ^^^ -y/^aW 1 

u4n«. (Ila262-a6)v^2^ 

9 What is the difference of \/-7- and W — 1 

6 

10. What is the difference of ^3200* and y^Oo^l 

11. What is the difference between 

y720a363 and -/SiSoSc^ 1 

-4««. (12a^ - 7c(0 V§aJt 

12 What is the difference between 

y/^Q^aW and y'SOOS^S? ? 

Ans. 12a&/2. 

1 3 What is the difference between 



^/112aW and -v^'28S^ ? 
8* 
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MuUiplicatic/n, 

111. For the multiplication of radicals, we hare tha 
following 

RULE. 

J. Multiply the quantities under (he radical eigne togc&ier^ 
and place the common radical sign over the product. 

n. If the radicals have coefficients^ we multiply them to- 
gether^ and place the product be/ore the radical part. 

Thus, y^x VT= ^/^\ 

This IS the principle of Art. 104, taken in the inTerse 
order. 

XXAMPLXS. 

1. What is the product of 3 y/bab and 4v^0a1 

Ans. 120a yX 

2r What is the product of 2a y/be and 3a -^bc 1 

Ans. 6a^bc. 

8. What is the product of 2a-/o»+6' and -3aV^a«+ 6»1 

Ans. -ea«(a» |-6»). 



Ill . Uow do you multiply quaDtities which are under radicml sigtia I 
i^beo the radicals ba^e co-efScveota, how do yuu multiply them 



RADICALS or TBI BKCOKD DEORKB. 179 

4. What is the product of 3 ^/T and 2/8 1 

Am. 24 

5. What is the product of fVfa^S" and Avl^^ 

Am, 3^a5f yl5. 

Ck What is the product of %x + -/F and 2a; — -y/i } 

7, What is the product of 

VT+2vT and -/a — 2yT? 

8. What is the product of 8a-/27a» by -/2a 1 

112. To divide one radical bj another, we have the fol- 
lowing 

BULB. 

1. Divide one of the quantiHee under the radical Agn by 
the other ^ and place the common radical sign over the quotient, 

n. If the radicals have eo-effieiente, divide the coefficient of 
the dividend by the coefficient of the divisor^ and place the 
quotient before the radical^ fotmd as above. 



lis How do yon diyide quantities which are under the radical 4gn I 
When the radicals have co-efficients, how do yon diyide them f 



160 XLBMXHTART ALOBBRA. 

Thus, ^ =a/ -r- ; for the squares of these two 

a 

expressions are each equal to the same quantity -r^ \ 

henoe the expressions themselves must be equal. 

XXAMPLB8. 

_ _. 5a /y 

1. Divide 5a yo by 25 ye. Am. gjy "J"- 

2. Divide 12a<j ^/Ohc by 4c y^ Ans. 3a v^3c[ 
8. Divide ^ y/^W \y 3 V^86^ Am. Aah y/T. 
4. Divide 4a»-/6a5»" by 2aaV^ J»». 26«'/ia 
6. Divide ^&Why/^lc^ by 13a /9^. 

Ans, ^^h^^laih, 

6. Divide 84o35«'/27ac by 420*^31 

Am. 6a«63^ 

7. Divide -/JJ? by -/SI -4n*. Jo. 

8. Divide Ga^^V^O*^ ^7 \2y/ba. Ans. a^h^ 

9. Divide (Sa^fm^ by 3^57 -4n*. 2a5V^ 

10. Divide 486*VT5 by 252vTt- ^^* 3606» 

11. Divide Sa^i^cs/?^ by 2a/28d 

Jf». 2a6Vd 

12. Divide 0da*c3/985« by 48.7/C-/2*. 
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IS. Divide 27a*5'v^2Ta5 by -/tST 

Am. 97a«6«/3. 
14. Divide 18aW-/8^ by 6a5V^. 

lb Extract the Square Root of a Polynomial 

113. Before explaining the rule for the extraction of 
thd square root of a polynomial, let us first examine the 
squares of several polynomials : we have 

(a + 6 + c)« = a« + 2ah + b^ + 2(a + b)e + c», 
{a + b + c + dy = a^ + 2ab + l^ + 2{a + 6)e + i^ 

+ 2{a + b + c)d + d^. 

The law by which these squares are formed can be enun> 
'•^ated thus : 

Tlie square of any polynomial is equal to the square of the 
first term, plus twice ike product of the first term by the second^ 
plus the square of the second; plus twice the first two terms 
multiplied by the third, plus the square of the third; plus twice 
the first three terms multiplied by the fourth, plus the square 
of the fourth ; and so on. 



llSi What 18 the square of a* binomial equal to What is the 
square of a triixmiial equal to ? Wliat is the square of auy poljnomia] 
equal tot 
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1 14. Hence, to extract the square root of a poiynomlAl, 
we have the following 

BULB. 

I. Arrange the polynomial with reference to one vf its let- 
ters^ and extract ike square root of the fint term : t?iis wiU 
give the first tenn of ike root. 

JI. Divide the second term of the polynomial by double ike 
first term of ike root, and the quotient will be the second term 
of the root. 

DI. Then form the square of the sum of the two terms of 
the root found, and subtract it from the first polynomial, and 
then divide ike first term of the remainder by double the first 
term of the root, and tke quotient mil be ike third term. 

IV. Form ike double product of ike sum of ike first and 
second terms by the third, and add tke square of tke ikird ; 
tken subtract tkis result from ike last remainder, and divide 
tke first term of ike result so obtained by douhle tke first term 
of the root, and ike quotient will be ike fourik term. Then 
proceed in a similar manner to find the other terms, 

EXAMPLES. 

1. Extract the square root of the polynomial 

• 49a2i3 ^ 24fl*3 + 25a* - 20a^b + 166* 

First arrange it with reference to the letter a. 

25a* -. SOa'^b + 49a^b^ -- 24a63 _ xe^4 i 5a«-8ai>| AV 

leS a*— 30a33+ 9aH^ \ 10a» 

40a^b^ - 24a^3.+ k^^a igt Rem. 

40a^^ - 24a&3 + 166* 

. . . 2d Rem. 
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After having arranged the polynomial ^itli reference to 
a, extract the square root of 25a^ ; this gives 5a\ which is 
placed at the right of the polynomial : then divide the second 
term, — 30a^6, by the double of 5a\ or lOa^ ; the quo 
tient is — Sab, which is placed at the right of 5a\ Hence, 
the fir&t two terms of the root are 5a* — Sab, Squaring 
this binomial, it becomes 25a* — SOa^ft + 9aH\ which, sub- 
tracted from the proposed polynomial, gives a remainder, 
of which the first term is 400^62, Dividing this first term 
by lOa*, (the double of 5a2), the quotient is + 46^ ; this 
IS the third term of the root, and is written on the right of 
the first two terms. By forming the double product of 
5a* — Sab by 46*, squaring 4^*, and taking the sum, wc 
find the polynomial 40a26* — Mah^ + 16i*, which, sub 
tracted from the first remainder, gives 0. Therefore, 
5a* — Sab -f 46* is the required root. 

2. Find the square rrtot of a* + 4a^x + 6a*a;* + 4a«^ + «*. 

Ans. a* + 2a« + «* 

3. Find the square root of a* - 4a3aj + 6a*** — 4aa?3 + a?*. 

Ans, a* — 2ax + t\ 

4. Find the square root of 

Asfi + 12a?* + 5a^ - 2aj3 + 7«* — 2* + 1. 

Ans, 2a:3 + 3«*-«+l. 

6 Find the square root of 

Oa« - I2a^ + 28a*6* - I6ab^ + 166*. 

Ans. 3a*--2a6 + 46* 



III. Give the nile for extracting the square root of a polynomial 
W-hat is the first step? What the second! What the third! Wha 
die fuurth! 
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3. What is the square root of 

Ans. a* — 2aX' % 

7, What is the square root of 

9*2 - 12a; + Gary + y* - 4y + 4? 

Ans. 8a; + y--S 

a What is the square root of y* - 2y2a;2 +2ar* + 2y2 
f 1 + a;* ? Ans. y^ — x^ — 1. 

9. What is the square root of 9a*6* — SOa^^ + 25a2ft» 3 

10 Find the square root of 

25a*62 - 40a362c + TGa^ft V - 48a62c3 4. 36^2^4 _ 30a*5c 
+ 24a36c« - 36a26c3 + 9^^. . 

^iw, ba% — 3a2c — 4a6c + 66c\ 

116. We will conclude this subject with the following 
lemarks : 

1st. A binomial can never be a perfect square, since we 
know that the square of the most simple polynomial, viz : 
a binomial, contains three distinct parts, which cannot ex> 
perience any reduction amongst themselves. Thus, the 
expression a^ + ^ is not a perfect square ; it wants the 
term db2a6 in order that it should be the square of a db 6. 

2d. In Older that a trinomial, when arranged, may be a 
perfect square, its two extreme terms must be squares, and 
the middle term must be the double product of the square 
foots of the two others. Therefore, to obtain the square 
root of a trinomial when it is a perfect square : Extract the 
roots of the two extreme terms, and give these roots the sanu 
tfr contrary signs, according as the middle term is positive o» 
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negative. To verify it, see if the double product of the two 
roots ts the same as the middle term of the trinomial. Thu6| 

9a^ — 48a*i2 + 64a26* is a perfect square, 
since y^ = Za\ and -/64a26* = — 80^2, 

and also 2 X 3a3 X - Baft* = — 48a*62 = the middle term 
IJut, 4a2 + \4ab + 9^^ is not a perfect square ; for 
tlthough 4a' and + 96' are the squares of 2a and 36, 
jet 2 X 2a X 36 is not equal to 14a6. 

3d. In the series of operations required by the general 
iile, when the first term of one of the remainders is not 
exactly divisible by twice the first term of the root, we may 
conclude that the proposed polynomial is not a perfect 
square. This is an evident consequence of the course of 
reasoning, by which we have arrived at the general rule for 
extracting the square root. 

4th. When the polynomial is not a perfect square , it may 
sometimes be simplified. (See Art. 104.) 

Take, for example, the expression y^a^6 + 4aW + 4a6^ 

The quantity under the radical is not a perfect square \ 
but it can be put under the form ab (a' + 4a6 + 46'.) 
Now, the factor within the parenthesis is evidently the 
square of a + 26, whence we may conclude that^ 

-1^36 + 4a262 + 4a63 = (a + 26) y/cS. 



2. Reduce ^2a% — 4a6' + 26^ to its simple form. 

Ans. (a - 6) y/^. 

!!§• Can a bmoxnial eyer be a perfect power! Why not t When ia 
A trmomial a perfect square f When, in eztracting the square root, we 
Acifl that tlie fint term of the remainder is not di?iaible by twice the 
ort, v the polynomial a perfect power ur x^ot t 
9 
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CHAPTER VL 

EguaUons of the Second Degrx. 

116, Ac Equation of the second degree is one m whid 
the greatest exponent of the unknown quantity is equal to 2 

If the equation contains two unknown quantities, it is ot 
the second degree when the greatest sum of the exponent) 
with which the unknown quantities are affected, in any 
term, is equal to 2. Thus, 

«* = o, ox* + te = c, and xy + x =z(P^ 

are equations of the second degree. 

117. Equations of the second degree, inyolving a single 
unknown quantity, are divided into two classes : 

1st. Equations which involve only the square of the un- 
known quantity and known terms. These are called Ineotn 
pUte Equations. 

2d. Equations which involve the first and second powen 
of the unknown quantity and known terms. These ait 
called Complete Eqvctions. 

1 1^ What 18 an equatioD of the second degree t 
117* Into how many classes are equations of the seoood degree dV 
vidcd t What is an iucoinplete cquatiou t What is a complete equation 
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Thus, «a + 2(»» - 5 =r 7 

and ' 5«* — 3«* — 4 = a 

are incomplete equations : and 

?«» — 5« — 3«* + a=:6 

are complete equations. 

Of Incomplete Equations. 

118. If we take an incomplete equation of the foim 
14«»-ar» = 4a-2»» 
we have, by collecting the terms inyolving s^^ 
Safl = 40, or «* = 5. 
Again, ii we haye the equation 

we shall have, 

(a + %»=/-rf, anda;« = ^^ = m, 

oy substituting m for the known terms which compose the 
second member. Hence, 

Every ineompleie eqttation can be reduced to an equation 
involving two termSy of the form 

«' = m, 
and from this circumstance the incomplete equations are 
often called equations involving two terms* 

From which we have, by extracting the square root of 

both members, , , — 

« = 3b y m. 

118* Ta what form may eyeiy incomplete equatiOD be redaoed I Wbitf 
are incomplete oquationa often called t 
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1. What number is that which being multiplied bj itwlf 
the product will be 144 1 

Let j; = the number: then 

» X « = «^ = 144. 

It is plain that the value of x will be found hj extracting 
tile square root of both members of the equation : that is 

-/iFzs vT44 : that is, x = 12. 

2. A person being asked how much money he had, said 
if the number of dollars be squared and 6 be added, the 
sum will be 42 : how much had hel 

Let :p = the number of dollars. 

Then, by the conditions 

a?« + 6 = 42: 

hence, aj» = 42 — 6 = 36. 

snd « 3 6. 

Am. |G. 

8. A grocer being asked how much sugar he had sold tc a 
person, answered, if the square of the number of pounds be 
multiplied by 7, the product will be 1575. How m«»j 
pounds had he soldi 

Denote the number of pounds by x. 

Then by th? conditions of the quest'on 

7«» = 1575: 

hence, sfl = 225 

and X s= 15. 

Am. 1& 
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4. A person being asked his age said, if from the square 
of mj age 70U take 192, the remainder will be the squaro 
of half mj age : what was his age ? 

Denote his age by x. 

Then by the conditions of the question 



^-192= (1,)-^ 



and by clearing the fractions 

hence, 4«» — «» = 768 

and 3«s = 768 

«» = 256 
X = 16. 



Am. 16. 



5. What number is that whose eighth part multiplied by 
Its fifth part and the product divided by 4, shall give a quo- 
tient equal to 40 1 

Let X = the number. 

By the conditions of the question 



(i'^T*) -*=*«' 



nenoe, 


160" 


= 40 


t>7 dearing of fractions, 








x« = 


6400 




• =: 


80. 



Jm SO. 
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119. Hence, tc find the value of x we have the foDo^ 
ing 

BULS. 

I. Find the value of x* ; and then extract (he eguare root 
^f boti memhers of the equation. 

6 What is the value of ^ in the equation 

3«» + 8 = 5«2 - 10. 

^y transposition 3«* — 5«* = — 10 — 8, 

by reducing — 2a:* = — 18, 

by dividing by 2, and changing the signs 

«* = 9, 

by extracting the square root, « = 3. 

Wd should, however, remark that the square root of 9, la 
either +3 or —3. For, 

4-3x+3=9 and — 3x— 3 = 9, 

Hence, when we have the equation 

*» = 9, 

we Imve, « = + 3 and oj = — 3. 

120. A root of an equation is any expression which being 
substituted for the unknown quantity, will satisfy the equa^ 
tion, that is, render the two members equal to each other, 
rh is, in the equation 

a» = 9 

there are two roots, +3 and ^3; for either of these 
aunibtirs being substituted for x will satisfy the equation. 



KQUATIOK8 OF THS 8 S O H D DKGRES. 19) 

*} Again, if we take the equation 
af" = m, 
we bhall have 

ar = + y^ and « = — V^. 
For, (+y'm)« = m; 

and { — ^y/niy szm\ 

Hence, we maj conclude, 

1st. Thai every incomplete equation of the second degree 
hM two roots. 

2d. That these roots are numerically equal^ but have oon- 
irary signs, 

8. What are the roots of the equation 

3a» + 6 = 4a:a - 10, 

Ans. « = + 4 and « = — 4. 

9. What are the roots of the equation 

Ans, x=z +9 and « = — 9. 

10. What are the roots of the equation 

4a:« + 13 - 2x« = 45. 

Ans, a; = 4- 4 and a? = — 4» 

I19« How do joo resolTe an incomplete equation t 
120t Wbat is the root of an equation f Whnt are tke roots of \hp 
fiqnation a^ = 9 1 Of the equation x' = m f Uuw many roots has ereiy 
^Dtoiuplcte cq'iatioo t How do those routs ampare with each other f 
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8. What are the root? of the equation 
ea:» - 7 = 3«» + 5. 

Ans. « = + 2, « =s - 2 
0. "What are the roots of the equation 

8 + 5*2 = -^ + 4a:s + 28. 
o 

10. Find a number such that one-third of it multiplied 
bj one-fourth shall be equal to 108 1 

Ans. 30. 

11. What number is that whose sixth part multiplied by 

its fifth part and product divided by ten, shall give r quo 

tient equal to 3 1 

Ant 30 

12. What number is that whose square, plus 18, shsJl be 
e^ual to half its square plus SO J ? 

Ans. 5. 

13. What numbers are those whidi are to each other as 
1 to 2 and the difference of whose squares is equal V 75 I 

Let z. = the less number. 
Then 2x= the greater. 
Then, by the conditions of the question 
4a;»-«2=75, 
hence, Sar* = 75 ; 

and by dividing by 3, :p' = 25 and jt =s 5, 
and 2«=:10. 

Am. 5 arid 10 
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14. What two numbers are those which are to each qU <a 
as 5 to 6, and the difference of whose squares is 44 1 

Let xz=: the greatest number. 



Thee, 


5 


= the less. 


By the conditions of the problem 






Of; 


Dj clearing of fractions, 






ZQx^ - 25*« = 1584 ; 


hence, 




11«* = 1584, 


and 




«»=144, 


hencA, 




«=1«, 


and 




Ana. 10 and 12. 



15. What two numbers are thoie which are to each 
other as 3 to 4, and the difference of whose squares is 28 ? 

Ans. 6 and 8 

16. What two numbers are those which are to each othej 
as 5 to 11, and the sum of whose squares is 584 ? 

Ans. 10 and 22. 

17. A says to B, my son's age is one quarter of youre^ 
and the difference between the squares of the number? 
iDpresenting their ages is 240 : wha^ were their ages? 

. ^ j Eldest 16 
{ Youngpr 4 
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Whm there are tivo unhnotvn quantities^ 

121. When there are two or more unknown quanlities, 
eliminate one of them by the rule of Article 77 : there wiU 
C\\u atiee a new equation with but a single unknown quantity 
U'.e value of which may be found by the rule already given. 

1 There is a room of such dimensions, that the differ 
dnce of the sides multiplied by the less, is equal to 36, and 
the product of the sides is equal to 360 : what are the 
8idj»? 

Let X = the less side; 

y = the greater. 
Then, by the first condition, 

(y-x)« = 36; 
and by the 2d, xy =. 360. 

From the first equation, we have 

ay — «» — 36 ; 
and by subtraction, jc* = 324. 

Hence, ar= -/324 = 18; 



360 



Ane. fl? = 18, y s= leO. 



121. Uow do jou resolTe the equation when tbflie are two (ir mmv 
ttiikxy>vn qnoiitiiies \ 
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2. A merchant sells two pieces of muslin, which together 
measure 12 yards. He received for each piece just sc 
many dollars per yard as the piece contained yards. Now, 
he gets four times as much for one piece as for the other : 
how many yards in each piece 1 

Let X = the number in the larger piece ; 
)• =r the number in the shorter piece. 
Then, by the conditions of the question, 
a; + y = 12. 
X X X =:z^ z=z what he got for the larger piece ; 
y Xy :=y^= what he got for the shorter 
.Vnd ^ «* = 4y*, by the 2d condition, 

X = 2y, by extracting the square root. 

Substituting this value of « in the first equation, we have 
y + 2y = 12; 
and consequently, y =s 4, 

and x=z S. 

Ans. 8 and 4. 

3. What two r umbers are those whose product is 30, and 
quotient 3| 1 Ans, 10 and 3. 

4. The product of two numbers is a, and their quotient 
6 : what are the numbers t 



Ahb, ^ab and \/-r-. 



5. The sum of the squares of two numbers is 117, and 
tho difierence of their squares 45 : what are the numbers ? 

Ans.d and (k 



Ans. 
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6. The sum of the squares of two numbers Is a, an 1 tb-. 
difference of their squares is 6 : what are the numbers 1 

I a'\-h la — h 

V -^' y=V-2- 

7. What two numbers are those which are to ^ach othei 
as 3 to 4, and the sum of whose squares is 225 ? 

An&. 9 and \% 

8. What two numbers are those which are to each othei 

OS m to », and the sum of whose squares is equal to a' 1 

. ma na 

Ans. ■ , J 

ym^ + n^ y/in?' + n* 

9. What two numbers are those which are to each othei 
as 1 to 2, and the difference of whose squares is 75 % 

Ans, 5 and 10 

10. What two numbers are those which are to each othe? 
as m to n, and the diiference of whose squares is equi** 

to6M 

. tub nb 

A ns, -z ,^ 

11. A certain sum of money is placed at interest for s'/ 
months, at 8 per cent, per annum. Now, if the amount 1 1 
multiplied by the number expressing the interest, the pro 
duct will be $562500 : what is the amount at interest 1 

Ans. $3750 

12. A person distributes a sum of money between a num 
her of women and boys. The number of women is to the 
number of boys as 3 to 4. Now, the boys receive one 
half as many dollars as there are persons, and the womec 
twice as many dollars as there are boys, and together thc> 
reco > t 38 dollars : how many women were there, and ho^ 
loan- bc^s? 

( 48 bi>j8. 
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0/ Complete Equatuma, 

122. We have already seen (Art 117), that a compleU: 
equation of the second degree, contains the square of tht* 
unknown quantity, the first power of the unknown quantity, 
aud known terms. 

1 . If we have the complete equation 

5a?2 ~ 2a:2 + 8 = 9x + 32, 
we have, by transposing and reducing, 
3*2 ^ 94; = 24, 
and by dividing by 3, 

«« — 3ar = 8, 
an equation containing but three terms. 

2. If we have the equation 

a^x^ + ^oJbx + a?2 = «r + rf, 
by collecting the co- efficients of x^ and «, we have 

(a2 + l)x^ + {3a6 - c)* = df ; 
aud dividing by the co-efficient of ar*, we have 



a2 -f 1 a2 + 1 



IStft How many teroos does a complete eqnaUoo of the seoood degree 
nmtairf Of what is the first term comprsedt The aeenndl Thf 
(hifdl 
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If wc represent the co-efficient of x by 2p, and the known 
term by q^ we have 

ar« 4- 2im; = q, 

an equation containing but three term^ : hence, 

JEvery complete equation of the second degree may he r« 
iueed to an equation containing but three terms, 

123. We wish now to sho.w that there may be four forme 
under which this equation will be expressed, each dependinir 
on the signs of 2p and q. 

1st. Let us, for the sake of illustration, make 
2p = + 4, and g = + 6 : 
we shall then have a;^ + 4a; = &• 

2d. Let us now suppose 

2|> = — 4, and g = + 6 : 
we shall then have a;' — 4r = 5. 

3d. If we make 

2p = + 4, and g = — 6, 
we have a?» + 4a: = — 5. 

4th. If we make 

2p = — 4, and y = — S, 
wo have ar^ — 4jr = — 5. 

123* Under how many fomu may every equation of the aeoood do 
gree be expressed f On what will these forms depend f What are tlM 
ligos of the co-efficient of « and the known term, in the fiiBt form I 
What in the aeoood f Wha in the third t What in the fo^jrth t Repea< 
Uie four funua 
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Wo therefore conclude, that everj complete equation of 
Uie second degree may be reduced to one of these forms ; 

ar* + 2px=z + q^ 1st form. 

«« — 2i?a? = + ^, 2d form. 

«* + 2px = " ^, 3d form. 

«* — 2px ■= -- 7, 4th form. 

124. Remark. — If, in /educing an equation to either of 
ihese forms, the second power of the unknown quantity 
should have a negative sign, it must be rendered positive 
by changing the sign of every term of the equation. 

126. We aie next to show the manner in which the value 
of the unknown quantity may be found. We have seen 
(Art. 38), that 

(aj+;?)» = aj'» + 2/>ar+i>»; 

4nd comparing this square with the first and third forms, we 
see that the first member in each contains two terms of the 
square of a binomial, viz : the square of the first term plus 
4wice the product of the 2d term by the first. If, then, we 
kike half the co-efficient of x^ viz : p^ and square it, and add 
4ie result in each equation, to both members, we have 



x^ + 2px+p^=iq+p^, 
«» + 2pa; + ^» = — g +;>', 



(n which the first members are perfect sq lares. This is 

lS4i If m reducing an equation to either of these forms the oo>eA> 
dent of a^ is negative, what do you do t 

185t What is the square of a binomial equal to! What does the 
ftrot member in each form contain ? How do you render the fhst Bein' 
ber I perfect si^uare f What is this called f 
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called oompleUng the square. Then, by extracting the 
square root of both members of the equation, we have 

« + /> = =b VT+^j 
and x + p=z dc y^ — fl' + i>*, 

which gives, by transposing j>, 

126. If we compare the second and fourth forms ^ith 
the square 

we also see that half the co-efficient of x being squared atd 
the result added to both members, will make the first men^ 
bers perfect squares. Having made the additions, we have 

x^^2px+p^=zq+p^, 

The^ by extracting the square root of both members, wf 
have 



and X —p =z dz \/--q+p^i 

and by transposing — p^ we find 



xz=p±^q+p\ 



and x=:pdz ^—g + p\ 



126» In the seooBd fiNrm, how do yoa main tbe firrt wmolm a pnfttH 
•qunref 



IQUATIONB OF THE 8XC0NO OEaAES« 901 

127. Hence, for the resolutloa of every equation of the 
K'COR'i degree, we have the following 

BULK. 

I. Beduee ikt equation to one of the fowr forme. 

IL Take half the coefficient of the second term^ square it^ 
nut add the result to both members of the equation. 

III. Then extract Hie square root of both members of the 
equation ; after whic\ transpose the known term to the second 
msffiher. 

Remark. — ^The square root of the first member is alwayt 
equal to the square root of the first term, plus or minui 
half the oo-effic'ent of the first power of the unknown 
quantity. 

EXAMPLES OF THE FIRST FORM. 

1. What are the values of a; in the equation 

2«» + 8a? = 64 1 
It we first divide by the co-efiicient 2 we obtain 
** + 4a: = 32. 
Then, completing the square, 

«* + 4« + 4 = 32 + 4 = 36. 
Extraodng tbe root, 

a? + 2 = db y/zS = + 6 or - 6. 
Hence, «=— 2+6 = + 4; 

car, «=— 2 — 6=— 8. 

127i Oive the general rule for resolving an equation of the seconO 
degree. What is the first step f What the second f What the tiiin/ 
Whvt is the square root of the first memher always ecual to t 
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henoe, in this form, the smaller root b positive, and thr 
lar|ver negative. 

VerificaHon. 

It we take the positive yalue, viz : jt = + 4, 

the equation «* + 4« = 32 

gives 42 + 4 X 4 =: 32 : 

and if we take the negative yalue of «, yiz : jt = — H, 

the equation a;' + 4;r = 32 

giv« (-8)2 + 4{-8) = 64-32 = 82; 

froiA which we see, that either of the values of x^ tii 
i;=:+4orjr=-~8, will satisfy the equation. 

fi What are the values of « in the equation 

3a;2 + 12a: - 19 = - «« - 12«+ 89 t 
T / transposing the terms we have 

ar» + «* + 12« + 12« = 89 + 19 : 
and by redudng, 

4r» + 24« = 108; 
and dividing by the oo-effident of a^^ 
x^ + Qx = 27. 
Now, by completing the square, 

a?2 + 6a: + 9 «= 36, 
extracting the square root, 

« + 3 = db-/36=+6 or -6: 
he?^ af=+6 — 3=+8; 

I T=-.6-3=-.9. 
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Verification. 
\f we take the plus root, the equation 
«» + 6« = 27 
gives {3)» + 6{3)=27; 

and for the negative root, 

«a + 6« = 27 
gj ves ( - 9)» + C ( -• 9) = 8 1 - 54 cir 27. 
4 W^hat are the values of :p in the equation 

«»-iar+15 = ^-34a? + i55. 
5 

By clearing of fractions, we have 

5«2 _ 50a? + 75 = a^ - 170ar + 776: 
hj transposing and reducing, we obtain 
4r» + 120« = 700; 
then, dividing by the co-effident of a;^, we have 

a^ + 30ar=175; 
and by completing the square, 

a^ + 30« + 225 = 400; 
and by extracting the square root, 

« + 15 = db ^/WS = 4 20 or - aa 
Hence, a? =+ 5 or — 35. 

Venfieation. 
For the plus value of x^ the equation 
a^ + 30a? = 175 
Cives (5)» + 30 X 5 = 25 + 150 = 176. 
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And for the negative value of x^ we have 

( - 35)a ^ 30(- 35) = 1225 - 1050 = 17S. 
S. What are the values of j; m the equation 

6 2^4 3 ^ 12 

Clearing of fractions, we have 

10«» - 6a; + 9 = 96 - &c - 12«» f 273 ; 

transposing and reducing, 

22a;« + 2« = 360; 

dividing both members by 22, 

. , 2 _ 360 
*^"'"22*"-"22"' 

Add r-j^ j to both members, and the equation becomeD 

, . 2 , (ly 860 . /iv 

whence, hj extracting the square root, 

1 /360 . / 1 \* 

ilierefoie, 



and 



1 , /360 , / 1 V 
~~22'''V 22 "^\22/' 

J__ 7300 7TY 
"""22 V 22 "^W* 
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It remains to perform the numerical operations. In the 
lirst place, •-^+ (^5) ^^st be reduced to a single num- 
ber, having (22)^ for its denominator. 

Now ggO 1 /1V 36QX22 + 1 _7921. 
'^^^' 22 ^ \22/ "" (22)a " (22)« ' 

extracting the square root of 7921, we find it to be 89 ; 
Uierefore, 



/360 /1\C ?? 
V 22 "*"V22/""=^22" 



Consequently, the plus value of ;r is 

* "■ 22 "^ 22 "■ 22 ■* ' 
and the negative value is 

*^ 22"^ 22" 11' 

that is^one oi the two values of x which will satisfy t&o 
proposed equation is a positive whole number, and the other 
% negative fraction. 

6. What are the values of « in the equation 
3«« + 2«-9 = 7G. 



Ans. ] «, 



7. What are tbe values of ;p in the equation 



^"•{L-iiA. 
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8. Whfti are the values of «; iz: the equation 



= 9 

0. What are the values of « m the equation 



^"'•1*=' 



Ans. 



10. What are the values of « in the equation 



2^4-5 10 "^ 20" 



Ans. 
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1. What are the values of ;p in the equation 
«* - 8« + 10 = 19. 
By transposing, 

«» - 8« = 19 - 10 = 9, 
then by completing the square 

«« - ac + 16 = 9 + 16 = 25, 
and by extracting the root 

« — 4= db'/26 = + 5 or --ft. 
Hence, 

a? = 4 + 5 = 9 or af = 4-6=-l. 

Thai is, in this form, the larger root is positive and th# 
lesser negative. 
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VerifieatUm. 

U we take the positiye value of x^ the equation 

«a-8« = 9 gives, (9)» - 8 X = 81 -72 = 9; 

and if we take the negative value, the equation 

«»-ac = 9, gives, {-l)«-8(-l) = l+8-=9j 

from which we see that both values alike saiobfy the pquir 
tion. 

2. What are the values of ;r in the equation 

x^ X x^ 

_ + __15 = _ + *-14}. 

Bj clearing of fractions, we have 

6aji + 4x - 180 = 3«» + 12a? - 177, 
and b/ transposing and redudng 

3«» - 8* = 3, 
and dividing by the co-efficient of ^, we oVain 

- 3 

Then, by completing the square, we have 

*'"3^ + -9- = ^"» 
and by extracting the square root, 

llenr-o. 



- 8 , 16 , . 16 25 



*-- = ±^-= + - or -y. 



•=3 + 3=+*' " ' = ir-3 = -S 
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Vfrijficatum^ 
for the positive value of x^ the equation 

gires 3»--|x3 = 9-8 = 1j 

and for the negative value, the equation 

* 3 

«•'*" (-3) -8 ^-3 = 9 + 9=*- 
3. What are the values of 4; in the equation 
5-1+71 = 81 

Clearing of fractions, and dividing by the oo-effidenl of 
«•, we have 

Completing the square, we have 

3 ^ 9 *^ 9 86' 
then, by extracting the square root, we have 

1 . 73? . 7 7 



'-8==*= 



V36 = +a' *"■ -6^ 



kenoe, 

1,79,. 17 6 



ff ZZ 



Verification. 
It we take the positive value of z^ the equatioii 

aiid foi the negative value, the equation 

/ 5\* a 5 ^ , 10 45 ,, 

4. What are the values of jt in the equation 
4a» -2*« + 2ar = 18a* - 186M 

By transposing, changing the signs, and dividing by %, Uie 
equation becomes 

x« - OP = 2a» - OaJ + W ; 
whence, completing die square, 

4 4 

extracting the square root, 

Now, the square root of -^ 9a5 + 96», is evidently 

8a 

^ — 35. Therefore, 



10 






iia 
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What will be the numerical values of «, if we auppoat 
1 = 6 and 6 = 11 

5. What are the yalues of x in die equation 

j«= 7.12 ) to within 
^'"' U=-5,73J 0.01. 
6« What are the values of x in the equation 
8ar«-14a:+10 = 2a: + 34t 

(« s: — L 
T. What are the values of a; in the equation 



— — 30 + « = 2« — 221 
4 



Ans, 
%. What are the values of a; in the equation 



j«= 8. 
•i*=. 4. 



a;2 - 3ar + -I- = 9« + 13i 1 



jilM. 



(«= 9. 
U = . 1. 



9. What are the values of a; in the equation 

2a« — a;»=— 2a6 — 6«1 

( a? = — 0. 

10. What are the values of a; in the equation 



aa + 62-26:r + «» = ^^1 



illM. 
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SXAMPLSS OF THB THIRD FORM. 

1. What are the values of « in the equation 

First, by completing the square, we have 
«» + 4« + 4=-3 + 4 = l ; 
and by extracting the square root, 

» + 2 = db VT^ + 1, or, — 1 : 
hence, «=— 2+1 = — 1; or «=— 2 — !=:-*« 
That is, in this form both the roots are negative. 

Veri/iccUion. 

If we take the first negative value, the equation 
a^ + 4r=-3 
gives, {-l)» + 4(-l) = l-4=-.3; 

and by taking the second value, the equation 

ar« + 4«=— 3. 
gives, (-3)« + 4{- 3) =. 9 - 12 =: - 3 : 
hence, both values of x satisfy th# given ^t^vft^on. 

2. What are the values of a; iii the equation 

By transposing and reducing, we ti/^ye 
-«»-lla:=^16; 

Jien since the co-^dent of the second power oC z ih, xu^t 
tive. we change the signs of all the torms which jdvfts 

a:2 + llar= -28, 
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then by oompleting the square 

«»+ll« + 30.25 = 2.25, 
henoe, 

« + 5.5=^/2:25 = + 1.5 or -1.5; 

eoDBoquently, 

« =s — 4 or « = — 7. 
8. What are the values of 4? in the equation 



--^-2«-5 = ^fl:» + 5:r + 5. 



Ana, 



( X s= — 5 



4. Whftt are the yalues of « in the equation 

- 4. 

5. What are the values of x in the equation 



^•l:= 



4^ + ^x + Sx=.-Ux-Z}-4x'. 









Ans. ' 

07 = 


-a. 


«. 


What are the values of 


« in the 


! equation 






^^-4-.|.* 


4r> 

= T + ^ + »-. 










Xs 


-a. 


T. 


What are the valces of « in the 


equation 






i«» + 7« + 20=. 


-1- 


-n«-eo. 

Ans. ■ ~ 
(« = - 


-la 
- a 
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8. What are the values of x in the equation 

— x^ — X A = — v\x a?' — — . 

6^2 • 6 2 



Ana, 



( 4?s -8 



9 What are the values cf x in the equation 

10. What are the values of ;r In the equation 

a;-.aj»-3 = 6« + l. 

11. What are the values of a; in tha equation 

ar» + 4a! - 90 = - 93. 

XXAUPLSfl OV TUB FOURTH TOBH. 

1. What are the values of a; in the equation 
a:* — 8a: = — 7, 
By completing the square we have 

a.2 -. 8a: + 16 = - 7 + IG = 9 ; 
then by extracting the square root 

a: — 4 = d= -/5 = + 3 or — 8 ; 
haiioe, 

a:=+7orj:= + l. 

That is. m this form^ both the roots are positive. 
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Verification, 
If we take the greater root^ the equation 
«»-.&r=-7 gives 7«-8 X 7 =4d -50 = - 7- 
and for the less^ the equation 

«t-&r=-7 gives P -8 X 1 = 1 - 8 r^ - 7 : 
tienoe, both of the roots will satbfy the equation. 



2. What are the values of x in the equation 

a 



40 
- 1 J«» + ar - 10 = l|a:» - 18* + ^ . 



Bj clearing of fractions we have 

- 3«« + 6« - 20 = ar» - 5e« + 40 ; 

then by collecting the similar terms 

-6a:» + 4ap = 60; 

then bj dividing bj the co-efficient of «*, and at the srinc 
time changing the signs of all the terms^ we have 

«» - 7« = - 10. 

By completing the square^'we have 

x^^7x + 12.25 = 2.25, 

and by extracting the square root of both members, 

X -8.5 = ± V^.25 = + 1.5 or - 1.5 ; 
henoe, 

jrrr8.5+1.5 = 5, or a; =z 8.5 - 1.5 =: 2. 
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Verification. 

If we take the greater root, the equation 
|J_7a.= -lO gives 5» - 7 X 5 = 25 - 36= ^^ )0; 
nnd if we take the lesser root, the equation 
«» - 7a; = - 10 gives 2^ -7x2 = 4- 14= -10 

3. What are the values of a; in the equation 
"Sz + 2x^+1= 17f ar - 2a:2 - 3. 
By transposing and collecting the terms, we have 

4a;»-20|»= -4; 
then dividing bj the co-efficient of x*, we have 

«a - 5Ja: = - 1, 
By completing the square, we obtain 

■ad by extracting the /oot 

, «. yT44 , 12 la 

hence, 

* = 2i + ~ = 5; or, a. = 21 ^ - = - 

Verification. 

If we take the greater root, the equation 
*»-5i« = -l, gives, 5* - 5| X 5=25-26 = -!, 
and if we take the lesser root, the equation 

. « , • / 1 V rl I 1 26 , 

*.-6J«=-l.g.yes,(_)-5|x~ = ^-^=-l 
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4, What are the values of a; in the equation 

5. What are the values of a; in die equation 



7 ^ 2 7^4 4 






_ 4i« - 1. J + 1} = ^ 5«» + 8«1 



"^"'^ KJi 



6. What are the values of j; in the eqa«ti<»i 



^20 40 20 ^40* 



7. What are the values of « in the equation 

jp2-10i\ar=-n 

Ans. \ "~ , 

8. What are the values of a; in the equation 



17«* 2*' 

27« + i^ + 100 = ^ + 12« - 261 






9, What are the values of « in the equation 



^-22«+ 15=--^ +88X-301 
o o 



Am, 
10. What are the values of x in the equation 



Ans 
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Properties of ike Boots. 

128, We have thus far, only explained the methods c5 
inding the roots of an equation of the second degree. We 
are now going to show some of the properties of tiiese roots. 

First form. 

129. In the first form 

«» + 2p« = 5f ; 
hence, 1st root ar = — |? + ^q +jp*, 

2d root g =z — j) ~ ^q -f p\ 

acd their sum = — 2p. 

Since, in this form q is supposed positive, the quantity 
q + p^ under the radical sign will be greater than p^y and 
hence its root will be gr'^ater than p. Consequently, the 
first root, which is equal to the difference between p and 
the radical, will be positive and less than ^q + i>'. In the 
second root, p and the radical have the same sign ; hence, 
the second root will be equal to their sum, and negative 
[f we multiply the two roots together, we have 



Product equal to 





-q. 




+ p\/g + p^- 


-P" 




-9- 





129. In the first form, have the roots the same or coctrBiy Bigaa 1 
What is the sign of the first root* What of the second I Which u 
the greater! Wliat is their sam equal t»l What is their {HPod^V) 
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Hence we conclude, 

1st. Tliat in tJu Jirst Jorm^ one of H^e roots is aUoay poii 
Hve and the other negativt. 
2d. Hiat the positive root is numerically less than the 
. negative root. 

3d. That the sum of the two roots is equal to the eo-4iffieien 
of X in the second term^ taken with a contrary sign. 

4lh. That the product of the two roots is equal to thg 
second member^ taken with a contrary sign, 

XXAMPLXS. 

1. In the equation 

«» + a? = 20, 

we find the roots to be 4 and — 6. Their sum is — 1, and 
their product — 20. 

2. In the equation 

«» + 2a: = 3, 

i^e find the roots to be 1 and ^ 3. Their sum is equal to 
- 2, and their product to — 3. 

3. The roots of the equation 

«* + «=90, 

are -h 9 and •* 10. Their sum is — 1, and their product 
-90. 

4. The r^ots of the equation 

«» + 4«=60, 

are and — 10. Their sum is *- 4, and their product is 
-CO 
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Let these principles be applied to eaoh of the exampleaf 
imder '* examples of thx first form." 



Second Fomu 

130. The second form is, 

z^ — 2px = q ; 
and by resolving the equation we find 

1st root, «=+i>+vTT? 

2d root, x=z +p— ^g +jp*f 

and their sum = 2p, 

In this form, the first root is positive and the second 
negative. If we multiply the two roots together, we have 



{p + V7+F) X (i> - V7TF) = -^. 

Hence, we conclude, 

1st. That in the second firm^ one of the roots is positive 
%nd the other negative. 

2d. That the positive root is numerically greater than the 
negative root, 

dd. That the sum of the roots is equal to the :o-€fficient of 
X in the second temiy taken with a contrary sign, 

4th. That the product of the roots is equal to the second 
member^ taken with a contrary sign. 



180i What ia the sitpi of the first root in the second form I Wliat ia 
4io Big^u of the second I Which is the greater t Wliat is their euiu 
«qaa] to 1 What is their pruduet equal to t 
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xzAXPuia 

1. The roots of the equation 

«« - a: = 12, 
ftre + 4 and — 3. Their sum is -|- 1, and their produot 
-12. 

2. The roots of the equation 

:c^-9Aar = l, 

are + 10 and — t^* Their sum is 9^q, and their product 
is -1. 

3. The roots of the equation 

«« - 6« - 16, 
are + B and — 2. Their sum ia + 0, and their product 
is - 16. 

4. The roots of the equation 

«2- liar = 80, 
are + 16 and — 5. Their sum b + 11, and their product 
b -80. 

Let these principles be applied to each of the examples 
under " examples of the bkcokd form." 

Third Form. 
131. The third form is, 

x^ + 2p« = — y ; 
and by resolving the equation, we find, 



1st root, a? — — J) + V "^9 + />*, 

2d root, jr = — |) — ^ ^ q + p» 

and their sum is zsz ^2p, 
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Id this form, the quantity under the radical being less 
than js)2, its root will be less than p : hence, both the roots 
will be negative, and the first will be numerically the least 

If we multiply the roots together, we have 

ileiice, we conclude, 

1st. That in the third form both the roots are negative. 

2d. That the first root is numerically less than the second. 

3d. TTiat the sum of the two roots is equal to the coefficient 
of X in the second term^ taken with a contrary sign, 

4th« That the product of the roots is equal to the second 
member, taken with a contrary sign. 

EXAMPLES. 

1. The roots of the equation 

a?2 + 9a: = — 20, 

are — 4 and — 5. Their sum is — 9, ai d their product 
+ 20. 

2. The roots of the equation 

x* + \Sx = -42, 

are — 6 and — 7. Their sum is — 13, and their product 
+ 42 



181 1 lo tho third forra, wbai'ai^ the ngns of the roots ? Which roor 
is the least I What is the siim of thp roots pqual tot What is tbeif 
product equal to f 
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3 The roots of the equation 

are — Y ^^ ^ ^' ^^^^ ^^^ ^ — ^> <^^ ^^^ product 

4. The roots of the equation 

«2 + 5a? = — 6, 

aie — 2 and — 3. Their sum is — 5, and their pioduol 
b +6. 

Let these principles be applied to each of the exampleii 
OT^^r "examples of the third form." 

Fourth Form. 

132. The fourth form is, 

«* — 2pz = — 3^ ; 
and by resolving the equation we find, 



1st root, x=zp+ y--y-Fp 



2d root, x = p— y^-q+p^ 

Their sum is = 2p, 

In this form, as well as in the third, the quantity under 
the ladical sign being less than p\ its root will be less than 
p : hence both the roots will be positive, and the first will 
be the greater. 

If we multiply the two roots together, we have 
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Henoe we oondude, 

1st. That in the fourth form^ botf, the roots are positive, 
2d. TTiat the first root is greater than the second, 

dd. That the sum of the roots is equal to the eo-ejficient of 
X in the second term^ taken with a contrary sign. 

4du That the product of the roots is equal to the second 
member^ taken with a contrary sign* 

XXAMPLSS. 

1. The roots of the equation 

«»-7a:=-12, 

ure + 4 and + 3. Their sum is + 7 and their product 
+ 12. 

2. The roots of the equation 

«» - 14« = - 24, 

are + 12 and + 2. Their sura is + 14 and their product 
I 24. 

8. The roots of the equation 

g^ - 20a? = - 36, 

are + 18 and + 2. Their sum is + 20 and their product 
+ 36. 

4. The roots of the equation 

«3 _ I7aj = - 42, 
are + 14 and + 3. Their sum is + 17 and their product 
f 42. 

183i It the fourth form, irhat are the signs of the rooti t Which rod 
if (he greater I What is the sum of the roots equal to t What is their 
orudact equal to t 
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133. In the third and fourth forms the values of x some 
times become imaginary, and in such cases it is necessary 
to know how the results are to be interpreted. 

If we have q > p\ that is, if the second member is greaief 
than half the co-effieient of x squared, it is plain that V^--y+? 
will be imaginary, since the quantity under the radical sign 
will be negative. Under this supposition the values of x^ 
in the third and fourth forms, will be imaginary. 

We will now show that, when in the third and fburth 
forms, we have q > p\ the conditions of the problem will 
be incompatible with each other. 

134. Before showing this we will demonstrate a proposi- 
tion on which the proof of the incompatibility depends : viz. 

If a given number be decomposed into two parts and thosi 
parts multiplied together, the product will be tlie greatest pos- 
sible when the parts are equal. 

Let 2/7 be the number to be decomposed, and d the dit 
ference of the parts. Then 

I? + o" = the greater part (page 104, Ex. 7.) 

and /) — — - r= the less part ; 

d?^ 
and j>2 — — = P, their product (Art. 40.) 

Now, it is plain that P will increase as d diminishes and 
that it will be the greatest possible when cf == : that 'a, 
pXp =p^ is the greatest product. 



138* In which forms do the values of x beoome imsgiDaiy I When 
will the Tslties of a; be imsginaryl Why viU the values of « b** tbev 
imagiuary t 
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Now, since in the equation 

«* — 2px :si — q 

2jp is the sum of the roots, and q their product, it foUciws 
that q can never be greater than p\ The conditions of the 
proposition, therefore, fix a limit to the value of q, and if 
we make q > p^^ we express bj the equation a condition 
whidi cannot be fulfilled, and this impossibility is made 
apparent bj the values of x becoming imaginary. Hence, 
wo maj conclude that, 

WTien the values of the unknown quemiiiy are unapinary^ 
the eondiiions of the proposition are incompatible with each 
other. 

XZAMFLSS. 

1. Ilnd two numbers whose sum shall be 12 and pro 
duct 46. 

Let X and y be the numbers. 

Bj the 1st condition, « + y = 12 ; 

and by the 2d, «y = 46. 

Hie first equation gives 

i; == 12 — y. 

Substituting this value for :r in the second, we have 

12y-y« = 46; 
and changing the signs of the terms, we have 
y»- 12y = -46. 

184i What 18 the proposition demonstrated in Article 134 ! If tlic 
eonditioQB of the question are fnoompatible, how will the values of th( 
unknown quautity be ! 

10» 
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Then, b; eoDiploting the square 

ya-12y + 36= -46 + 36 = - 10 



which gives y z= 6 + -y^ — 10, 

and y = 6 — -/ — 10 ; 

both of which values are imaginarj, as indeed they should 
be^ since the conditions are incompatible. 

2. The sum of two numbers is 8, and their product 20 * 
what are the numbers 1 
Denote the numbers bj x and y. 
Bj the first condition, 

« + y = 8; 
and by the second, a^ = 20. 

The first equation gives 

a; = 8 — y. 
Substituting this value of a; in the second, we have 
8y — y« = 20; 
ehauging the signs, and completing the square, we have 

y«-8y + 16 = -4; 
and by extracting the root, 

y = 4 + -/ —4 and y = 4 — -/— 4. 

These values of y may be put under die forms (Art 106) 

y=4 + 2V^=T and y = 4-2V^=nL 

8. What are the values of « in the equation 
«» + 2* = - 10. 



(«=r-l-3/^l. 
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Bkamples involving more than one unknown quaiUxty 

1. Given \ * + ^J^ J;t \ to find « and y. 
( x^+ y2= 100 J ^ 

By transposing y in the first equation, we have 

« = 14 — y; 

ftnd by squaring both members, 

«a = 196 - 28y + y\ 

Substituting this value for a;' in the 2d equation, we hav« 
196 - 28y + y» + y» = 100 ; 
from which we have 

y«-14y=-48; 
and by completing the square, 

y«-Uy + 49=l; 
and by extracting the square root, 

y--7 = db-/r= + l or -1; 
hence, y=7 + l=r8, or y=:7— 1=6, 

If we take die greater value, we find :r = 6 ; and if w« 
take the lesser, we find a; = 8. 

Verificaiumn 
For the greater value, y = 8, the equation 

« + y = 14 gives 6 + 8 = 14 ; 
and a:> + y2 = 100 gives 86 + 64 = 100. 

For the value y = 6, the equation 

« +y = 14 gives 8+ 6= 14; 
and «« + y» = 100 gives 64 + 36 = 100. 

Dence, both sets of values will satisfy the given equation. 
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2. Given i' ""^ = ^^ i to find « and y. 
( £8 ^ ys -, 45 ) 

Transposing y in the first equation, we have 

« = 3 + y; 

and then, squaring both members, 

«« = 9 + 6y + y\ 

Substituting this value for a^^ in die second equation, we 
have 

9 + 6y + y»-y» = 45; 
whence we have 

Oy = 36 and y = 6. 
SubstiUting tnis value of y, in the first equaticHi, we have 
a? -^6 = 3, 
and consequently a; = 3 + 6 = 9. 

Verificaiion. 

«-^y=:3 gives 9—6 = 3; 
and a?« — ya = 45 gives 81 — 86 = 45. 

Bubtracting the first equation from the second, we have 
2y« = 18, 
which gives y' = 9, 

and y = + 8, or — 3. 

Substituting the plus value in the first equaiicm, we hav« 
«a + 9jr = 22 ; 
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from which we find 

a? = + 2 and «=— 11. 

If we take the negative value, y = — 8, we have from the 
first equation, 

«a - 9a? = 22 ; 
from which, we find 

a?= + ll and a? =—2. 

Ytrificaiion. 

For the valuej y ?= -f 3 and a; = + 2, the given equatius 
a:«+3a5y = 22 ^, 

gives 2' + 3x2x3s4 + 18 = 22; 

and for the second value, ar = * 11, the same equation 
«a + 3ay = 22 

gives, (- 11)» + 3 X - 11 X 3 = 121 - 99 = 22, 

If now we take the second value of y, that is. y rn — ^ 
and the corresponding values of ar, viz., a* = + 11} 9sA 
r = — 2 ; for a; = + 11, the given equation 

«> + 3«y = 22 

gives. 11> + 3 X 11 X -3 = 121 - 99 = 22; 

and for a; = — 2, the same equation 
a:> + 3a^=:22 
gives, (-2)« + 3x -2x -3 = 4 + 18 = 22. 

( «» = y* (1); 

4. Given J a? + y + « = 7 (2) [ to find a?, y, and f. 
U» + y» + *» = 2l (8)) 
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Transposing y in the seoond equation, we have 

« + « = 7-y (4); 

then squaring the members, we haye 

«» + 2a» + «» = 49 — 14y + y». 

If now' we substitute for 2xz its value taken fiom thi 
first equation, we have 

«* + 2y» + «* = 49 - My + y»; 

and cancelling y', in each member, there results 

«» + y* + «* = 49 - 14y. 

But, from the third equation we see that each member O' 
the last equaticm is equal to 21 : hence 

49-14y = 21, 

and 14y = 49-21 =28; 

28 
hence, y = — = 2. 

Placing this yalue for y in equation (1), giyes 

ff8; = 4; 
and placing it in equation (4), gives 

d; + ' = 5, and ^r = 5 — i. 

Substituting this value of 4? in the previous equati<Mi, wt 
obtain 

5js — «^ = 4, or «* — 5« = — 4 ; 

and by completing the square, we have 

«« - 5« + 6.25 = 2.5, 
and « — 2.5=± -/2!5= + 1.5 or —1.5; 
hence, jf = 2.5 -1-1.5 = 4 or « = -f 2.5 - 1.5 = 1. 
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If we take the value 

e = 4, we find z =. 
If we take the lesser value 

= 1, we find 9 = 4 

8. Given.^+V^ + y = 19) ^ .^^ t and y. 
and «2+ «y + y- = 133 ) "^^ "^ '^'*'^' 

Dividing the second equation by the first, m* * have 

but, X + -/^ + y = IS 

hence, bj addition, 2a; + 2y = 26 

or «+ y=18 
and substituting, in Istequa. 'v/^+ ^^ = ^^ 

or, by transposing -y/ley^z 6 

and bj squaring ^ = 36. 

Equation 2d, is a?« + «y + y» = 133 

and from the last, we have 2xy r= 108. 

Subtracting «» — 2a!y + y«= 25 

hence, a? — y = d: 5 

but « + y = 13 

hence « = 9 or 4 ; and y = 4 or 9. 

6. Given the sum of two numbers equal to a, and Um 
sum of their cubes equal to r, to find the numbers. 



By the conditions 1 , 1" ^, "" " 

^ ( ar' + y' = e. 
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Putting ^ -i 1 + «, and y = « — «, we hftve 
a = 2ff, or * = -o » 
( a:3 = «3 + 3«2af + 3««« + «* 

henoei by Midition, «' -j- y^ = 2«^ + 6»2* = «, 
whence, «' = — g— *na « = ±w — g— ; 

or, x=st9:ty^ ^ \ AaJ y = g=Fy ^ ? 
or, bj putting for « its value, 

Note. — ^What are the numbers when a = 5 and c ^ 85. 
What are the numbers when a = 9 and e = 243 1 

QUXSTI0N8. 

1. Find a number sudi, that twice its square, added to 
three times the number, shall give 65. 

Let X denote the unknown number. Then the equatior. 
of the problem will be 

2«» + 3a: = 65, 
If hence, 

8 765 , 9 3 _^23 

'=-4*V 2- + l0=-4=*=T- 
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Thutdbm, 

»=-4 + 4- = 5' """l * = -4-T=-¥* 

Buih these vakes mtisfy the proposition h its algebnuo 
wiise. For, 

a X (5)2 + 3 X § = 2 X 25 i- 15 = 65 ; 
•rrf 2/-i?W3y 13^169 39^130 

I^XMARX. — ^If we wish to restrict the enunciation tg its 
arithmetical sense, we will first observe, that when jt is re- . 
placed by — «, in the equation 2x^ + Zx =i 65, the sign of 
the second term 3a? only, is changed, because ( — a;)' = x\ 

3 23 

Therefore, instead of obtaining a: = — r =*= -t-» we shoulJ 

4 4 

find r = — rfc -r-j or ic = —-, and a? = — 5, values which* 
4 4 Z 

. only dlflfer from the preceding by their signs. Her«Ge, we 

13 

may say that the first negative result, — — , considered in- 

dependently of its sign, satisfies this new enunciation, vis. 

To find a nuwher suchy that twice its square^ diminished 
bf three times the numJbery shall give 65. In fact, we have 

o /1^\* « 13 169 39 ^, 

Bkhark. — Hie root which results from giving the plua 
a!gn to the radical, is, generally, an answer to the question 
bo(h in its arithmetical and algebraic sense ; while the second 
xoot is an answer to it In its algebraic sense only. 
11 • 
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Thus, in the example, it was required to find a number 
of which twice the square added to three times the numbet 
shall give 65. Now, iu the arithmetical sense, added means 
increased ; but in the algebraic sense it implies diminution, 
when the quantity added is negative. In this sense, the 
second rjot satisfies the enunciation. 

2. A certain person purchased a number of yards of cloth 
for 240 cents, if he had received 3 yards less of the same 
doth for the same sum, it would have cost him 4 cents more 
per yard. How many yards did he purchase ? 

Let X = the number of yards purchased. 

240 

Then^ will express the price per yard. 

If, for 240 cents, he had received 3 yards less, that i< 

2^3 yards, the price per yard, under this hypothesis, would 

240 
have been represented by -. But, by the enunciation, 

•C — o 

this last cost would exceed the first by 4 cents. Therefoie. 
we have the equation 

240 240 _ 

x-2 X ~^' 
whence, by reducing, x^ — Sa? = 180, 



th ircfore, « = 15 and r •= — 12.* 

The value d; = 15 satisfies the enunciation ; for, 15 yardf 

240 
fui 2-40 cents, gives — -, or 16 cents, for the price of 

une jard ; and 12 yards for 240 cents, gives 20 ceats for the 
price of one yard, which exceeds 16 by 4. 
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As to the second solution, we can form a new enuncis^ 
fcion, with which it will agree. For, going back to tlw 
equation, and changing x into — x, we have 

240 240 ^ 240 240 , 
= 4, or — — --jr 13 4, 



— «— 3 —a? ' X x+S 

tt) equation which may be considered the algebraic triinsla 
tfon of this problem, viz. : A certain person purchased a num- 
ber of yards o/chth Jbr 240 cents : if he had paid the earns 
sur^/or 3 yards more, it would have cost him 4 cents less per 
yard. How many yards did he purchase? 

Ans, X = 12, and :r = — 15. 

3. A man bought a hors€, which he sold ror 24 dollars 
At this sale, he lost as much per cent, upon the price of hi& 
purchase as the horse cost him. What did he paj for the 
horse 1 

Let X denote the number of dollars that he paid for the 
horse ; then, i; — 24 will express the loss be sustained. But 

X 

as he lost x per cent, by the sale, he must have lost -rr^r^ 

• 100 

upon each dollar, and upon x dollars he lost a sum denoted 

x^ 
I y rrjrr ; wc havc then the equation 

x^ 

-— = « — 24, whence x^ — 100a; = — 2400 , 
100 

and « = 50 d= v'2500 - 2400 = 50 ± 10. 

Therefore, « = 60 and x = 40. 

Both of these values will satisfy the question. 

For, in the first place, suppose the man gave $G0 for thb 
horse and sold him for 24, he loses 36. Agaui, from the 
enunciation, he shoiild lose GO per cent, of 60, that i:-^ 
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'{7u\ ^* 60, 01 — -— — , which reduces to 36; therefore 

60 satisfies the enunciation. 
Had he paid $40, he would have lost $16 bj the sale ; 

40 

br, he should lose 40 per cent, of 40, or 40 X -tjwvi which 

educes to 16 ; therefore, 40 verifies the enunciation. 

4. A man being asked his age, said the square root of 
my own age is half the age of my son, and the sum of oiu 
ages is 80 years : what was the age of each 1 

Let X = the age of the father, 
y = that of the son. 
Then by the first condition 

and by the second condition 

« + y = 80. 
If we take the first equation 



and Lquaie both members, we have 

If we transpose y in the second, we ha^e 
« = 80 — y : 
Grom which wc And 

yr= ^2dby324 = 16; 

by taking the plus root, which answers to the question in 
Its arithmetical sense Substituting this value, we find 
f r^ 04. A i Father's age 64. 

( Sou s 10. 
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5. Find two numbers, such, that the sum of their pro 
idcts hj thi> respective numbers a and 5, may be equal tt» 
2s, and that their product may be equal to p. 

Let X and y denote the required numbers : we then have 
. the equations 

ax + 6y=:2«, 
and xyzzzp. 

<^ <_ QX 

From the first y = r — ; 

whence, by substituting in the second, and reducing, 
(ur* — 2sx = — ftp. 

Therefore, « = — ± — -/«^ — oftp, 
a a 

«nd consequently, 

This problem is susceptible of two direct solutions, be 
cause i is evidently > y^*^ _ ^ j^ . i^u^; jjj order that thev 
nay be real, it is necessary that «^> or == abp» 

Let a r= 6 = 1 ; the values of x and y reduce to 
« = « db y/«2 — -p and y = « If: y^s^ — />. 

Whence we see, that the two values ^f x are equal to 
those of y, taken in an inverse order ; wnich shows, that if 
ff + ^8^ — p represents the value of «, « — y/s^ —p yiW 
represent the corresponding value of y, and reciproc*ll/. 

This circumstance is accounted for, by observing tliji> \m 
this pai tic liar case, the equations reduce to 



I xy=p\ ) 
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and then the question is reduced to finding two numbers of 
which tlieir 8um is 2tf, and their product p ; or in other 
words, to divide a number 2«, into two such parts^ that iheif 
product may he equal to a given numVer p. 
Let us now suppose 

2«=14 and p = 48 : 

^'Lal will then be the values of z and y 1 

. { « =z 8 or a 
^'"- {y = 6or8. 

6. A grazier bought as many sheep as cost him £60, and 
after reserving fifteen out of the number, he sold the re- 
mainder for £54, and gained 2«. a head on those he sold : 
how many did he buy % Arts. 75. 

7. A merchant bought cloth for which he paid £33 15«. 
which he sold again at £2 8«. per piece, and gained by the 
bargain as much as one piece cost him : how many pieces 
did he buyl Ans, 15. 

8. What number is that, which, being divided by the pro- 
duct of its digits, the quotient is 3; and if 18 be added to 
it, the order of the digits will be inverted? Ans, 24. 

9. To find a number, such that if you subtract it from 10, 
and multiply the remainder by the number itself, the pro- 
duct shall be 21. Ans. 7 or 3. 

10. Two persons, A and B, departed from difTerent places 
\i the same time, and travelled towards each other. On 
meeting, it appeared that A had travelled 18 miles more 
^han B ; and that A could have gone B's journey in I5| 
days, but B would have been 28 days in performing A*8 
loumcy. How &i iid each travel ? 

( A 72 miU's. 
( B 54 Uiitesi. 
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11. These are t^o numbers whose difference is 15, and 
half their product is equal to the cube of the lesser number. 
What are those numbers? Ans. 3 and 18. 

12. What two numbers are those whose sum, multiplied 
by the greater, is equal to 77 ; and whofje difference, multi' 
plied by the lesser, is equal to 121 

An9. 4 and 7, or J y^ and ^ y^ 

13. To divide 100 into two such parts, thai the sum of 
their square roots may be 14. Ans, 64 and 36. 

14. It is required to divide the number 24 into two such 
parts, that their product may be equal to 35 times their 
difference. Ans. 10 and 14, 

15. The sum of two numbers is 8, and the sum of their 
cubes is 152. What are the numbers? Ans, 3 and 5. 

16. Two merchants each sold the same kind of stuff; 
the second sold 3 yards more of it than the first, and to* 
gether they receive 35 dollars. The first said to the second, 
"1 would have received 24 dollars for your stuff;" the 
other replied, '* And i should have received 12^ dollars for 
yours. ** How many yards did each of them sell 1 

1st merchant ar = 15 xz=z% 

!2d " y=18 ^'' y = 8. 

17. A widow possessed 13,000 dollars, which she divided 
into two parts, and placed them at interest, in such a man- 
ner, that the incomes from them were equal. If she had 
put out the first portion at the same rate as the second, she 
would have drawn for this part 3()0 dollars interest ; and if 
she had placed the second out at the same rate as the first, 
ske would have drawn for it 490 dollars interest What 
wore the two rates of Interest ? 

Ans, 7 and 6 per cejit 



Ans. |, 
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CHAPTER VU. 

Of Proportio7is arU ProgressCona. 

135. Two quantities of the same kind may be compaied, 
the one with the other, in two ways : — 

1st. By considering how much one is greater or less liiaD 
the other, which is shown by their difference ; and, 

2d. By considering ^ow many times one is greater or less 
than the other, which is shown by their quotient. 

Thus, in comparing the numbers 3 and 12 together, with 
respect to their difference, we find that 12 exceeds 3 by 9 ^ 
and in comparing them together with respect to their quo- 
tient, we find that 12 contains 3 four times, or that 12 is 4 
times as great as 3. 

The first of these methods of comparison is called Arith' 
metical Proportion^ and the second. Geometrical Proportion. 

Hence, Arithmetical Proportion considers the relation of 
qnantities with respect to their difference^ and Geometrical 
Proportion the relation of quantities with respect to their 
quotient. 



135i lu how many ways may two quantities be compared Ihe oa€ 
with the other! What does the firsts method consider? What the 
second I What is the first of these methods called ? What is thr 
secntid called t How then do you define the two proportions f 
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Of Arithmetical Prcportion and Progression. 

136. If we have four numbers, 2, 4, 8, and 10, of which 
the difference between the first and second b equal to the 
difference between the third and fourth, these numbers are 
said to be in arithmetical proportion. The first term 2 la 
called an antecedenty and the second term 4, with which it is 
compared, a consequent. The number 8 is also called an 
antecedent, and the number 10, with which it is compared, 
a consequent. 

When the difference between the first and second is equal 
to the difference between the third and fourth, the four num- 
bers are said to be in proportion. Thus, the numbers 

2, 4, 8, 10, 

are in arithmetical proportion. 

137. When the difference between the first antece<?enl 
and consequent is the same as between any two adjacent 
terms of the proportion, the proportion is called an arith- 
metical progression. Hence, a progression by differenc3Sy or 
an arithmetical progression^ is a series in which the succes- 
sive terms are continually increased or decreased by a con 
stant number, which is called the common difference of thf 
progression. 

Thus, in the two series 

1, 4, 7, 10, 13, 16, 19, 22, 25, . . . 
60, 56, 52, 48, 44, 40, 36, 32, 28, . . . 



136 When are four numbers in arithmetical proportion ? What is Ihi 

lirat called t What is the second railed t What ia the lliird oallod* 

UHiat b the fourtli called ? 

11 
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the fiist is called an increasing progression, of which the 
oonimoD diiference is 3, and the second a decreasing pro 
gression, of which the common difference is 4. 

In general, let a, 6, c, dj, tf, / . . . designate the terms of 
a progression by differences; it has been agreed to write 
then thus : 

a.h.c.d,e,/,g,h,i.k... 

Hiis series is read, a is to 6, as 6 is to c, as c is to d, as d is 
to «, dec This is a series of continued equi-differences^ in 
which each term is at the same time an antecedent and a con- 
iequent, w ith the exception of the first term, which is only 
an antecedent, and the last, which is only a consequent, 

138. Let d represent the common difference of the pro- 
gression 

a , b . c . e . f . g . k, &c., 

which we will consider increasing. 

From the definition of the progression, it evidently fol- 
lows that 

b = a + d, c = b+d = a + 2d, e = c + d =za+ ^; 

ind, in general, any term of the series is equal to the Jirsi 
term plus as many times the common difference as there are 
preceding terms. 

Thus, let / be any term, and^n the number which marks 
tfic place of it : the expression for this general term is 
Z = a + (n - 1) rf. 



187t Wbat is an arithmetical progression I What is the number cii]l- 
ri by which the terms are increased or diminished f What is an increa» 
fig progression f What is a decreasing progression ? Which term k 
•ily an antecedent ? Which only a consequent ? 
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H^co, for finding the last term, we have the following 

BULK. 

1. MuUiply the common difference hy the mim^ of termt 
kss one, 

U. To the product add.the firet term * the eum will be tU 
lust term. 

EXAHFLSS. 

The formula / = a + (n — \)d serves to find an^ term 
whatever, without our being obliged to determine all those 
which precede it. 

1. If we make n =. 1, we have ^ = a ; that is, the series 
will have but one term. 

2. If we make « = 2, we have / = a + c? ; that is, the 
series will have two terms, and the second term is equal to 
the first plus the common dlfierence. 

3. If a = 3 and rf = 2, what is the 3d term 1 Ans. 7. 

4. If a = 5 and c? = 4, what is the 6th term 1 Ans, 25. 

5. If a = 7 and d = 5, what is the 9th term % Ans, 47. 

6. If a = 8 and rf = 5, what is the tenth term ? 

Ane. 53k 

7. If cp = 20 and d— 4, what is the 12th termi 

Ans. 64» 

8. If a = 40 and d = 20, what is the 50th term % 

Ans, 1020. 



(3f I Give the rule for finding Ui« last tenu of a teriee wlieu Uie pn» 
f tV«V u it iucreasiitg. 



844. ILIMSNTART 4L0XBRA. 

9. If a = 45 and i = 30, what is the 40th term I 

Ana. 12] & 

10. If a = 30 and (f = 20, what is the 60th term 1 

Am. 1210. 

11. If a = 50 and d=^ 10, what is the lOOth term ) 

Ans. 104a 

12. To find the 50th term of the progression 

1 . 4 . 7 . 10 . 13 . 16 . 19 . . •, 
we have / = 1 + 49 x 3 = 148. 

13. To find the 60th term of the progression 

1 . 5 . 9 . 13 . 17 . 21 . 25 . . ^ 
we have / r= 1 + 59 X 4 =i 237. 

139. If the progression were a decreasing one, we shoulJ 
have 

/=:a-{n-l)rf. 

Hence, to find the last term of a decreasing progression, we 
have the following 

RULE. 

I. Multiply the common difference by the number of tema 
less one, 

II. Subtract the product /rom the first tertn • tlu remainder 
will be the last term. 



U9* Gi^e the mle for findiDg the last term of a serieB, when the pro 
gTCBMoti ifi dccreashig. 
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EXAMPLES. 

1. The first term of a deoreas'ng progression is 60, the 
number of terms 20, and the common difference 3 : what \f 
the last term ? 

lz=za^{n-'l)d gives /=60-(20- 1)3= 00-57=3, 

2. The first term is 90, the common difference 4, and the 
number of terms 15 : what is the last term 1 Ans, ^4. 

3. The first term is 100, the number of terms 40, and the 
common difi*erence 2 : what is the last term *? Ans. 22. 

4. The first term is 80, the number of terms 10, and the 
common difference 4 : what is the last term 1 Ans. 44. 

5. The first term is 600, the number of terms 100, and 
the common difference 5 : what is the last term 1 

Ana. 105. 

6. The first term is 800, the number of terms 200, and 
the common difference 2 : what is the last term 1 

Ans. 402. 

140. A progression by differences being giy«n, it is pro 
posed to prove that, the sum of any two terms^ taken at equal 
distances from the two extremes^ is equal to the sum nftfe ttco 
txtremes. 

That is, if we have the progression 

• 2 . 4 . 6 . 8 . 10 . 12, 

we wish to prove generally, that 

4+10 or 6 + 8, 

6 equal to the sum of the two extremes 2 and 12. 



2M0 BLXMXNTABT ALOXBRl 

Let a,b.e.e./...,i.k. I be 'she proposed 
progression, wd n the number of terms. 

We will fir»t observe that, if x denotes a term which han 
p terms before it, and y a term which has p terms after 1^ 
we have, from what has been said, 

xz=a -j-p X rf, 
nd y = l —p X d\ 

whence, bj addition, « + y = a -f 4 

which proves the proposition. 

Referring to the previous example, if we suppose, in 
the first place, x to denote the second term 4, then y 
will denote the term 10* next to the last. If x denotes 
the 3d term 6, then y will denote 8, the third term from 
the last 

Having proved the first part of the proposition, write the 
terms of the progression, as below, and then again, in aa 
Inverse order, viz. : 

a.h,e,d.e./,.,i.k,L 

Calling S the sum of the terms of the first progression, 
2S will be the sum of the terms of both progressions, and 
we shall have 

2S=z{a+l) + {b+k)-{'{c+i)...+{i+c) + {k+b) + {l+a). 

Now since all the parts, a + /, i 4 ifc, c + * • • • ar« equa) 
to each other, and their number equal to n, 

25=(a4/)Xf», or 5=(?±/\xn. 
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TIeace, for finding the sum of an arithmetical series, w« 
hit «'e the following 



BULK 

I . Add the ttBo extremes together^ and take half their ium, 

II. Multiply tliis half-sum by the number of terms; the 
product will be the sum of the series. 

EXAMPLES. 

1. The extremes are 2 and 16, and the number of terms 
8 : what is the sum of the series 1 

5 + fi+i)x», gives S = i±l?-x8 = 72. 

2. The extremes are 3 and 27, and the number of terms 
12 : what is the sum of the 'series? Ans. 180. 

8. The extremes are 4 and 20, and the number of terms 
10 : what is the sum of the series *? Ans, 120. 

4. The extremes are 100 and 200, and the number of 
terms 80 : what is the sum of the series 1 Ans. 12000. 

5. The extremes are 500 and 60, and the number of terms 
20 : what is the sum of the series ? Ans, 5600, 

6. The extremes are 800 and 1200, and the number of 
terms 50 : what is the sum of the series *? Ans. 50000. 



140* In eTery progreanoo, what is the sum of the two extrenuM 
equal to t Wliat • the rule for finding the sum of an oiitluneticnl 
series f 
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141. In arithmetical proportion there are five bumbera to 
be considered : — * 

1st. The first term, a. 

2d. The common difference, d. 

3d. The number of terms, n. 

4th. The last term, /. 

5th. The sum, S. 

The formulas 

/ = a + (»--iy and ^ = /^^ x n 

contain fiye quantities, a^d^n^l^ and 5,- and consequently 
give rise to the following general problem, viz : Any threi 
of these Jive quantitiee being given^ to determine the other 
two. 

We already know the value of <S in terms of a, », and L 

From the formula 

/ = a + (» — l)rf, 
we find a = / — (» — \)d. 

That is : The first term of an increasing arithmetical pro- 
gression is equal to the last term^ minus the product of the 
common difference by the number of terms less one. 

From the same formula, we also find 

n — 1* 
That is : Li any arithmetical progression^ the com non diffef^ 
ence is equal to the last term minus the first term divided bjf 
the number of term^ less one. 



141. How many numbers are considered in arithmetical prcporUoDl 
Wliat are they ? In every arithmetical progression, what is the ruAuums 
ilifTcrence equal U> 9 
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The last term is 16, the first term 4, and the number o/ 
terms 5 : what is the common^ iff ere*?ce 1 

I — a 
The formula rf= - 



gives 

2. The last term is 22, the first term 4, and the numbei 
of terms 10 : what is the common difference ? Ans. % 

142. The last principle affords a solution to the followmg 
question : 

To find a number m of arithmetical -means between two 
given numhers a and b. 

To resolve this question, it is first necessary to find the 
common difference. Now, we may regard a as the first 
term of an arithmetical progression, b as the last term, and 
the required means as intermediate terms. The number of 
ierms of this progression will be expressed by m + 2. 

Now, by substituting in the above formula, b for /, and 
w 4 2 for n, it becomes 

, 6 — a b —a 

a=z 



m + 2 — 1 m+ 1' 



that is : The common difference of the required progression u 
obtained by dividing the difference between the given numben 
a and b, bg the required number of means plus one. 



143. How do you find any number of arithmetical means betirei^i 
two given Tiumbers t 

11* 
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Having obtained the common difference, form the securd 
term of the progression, or the Jirst arithmetical mean^ bj 
adding d to the first term a. The second mean is obtained 
by augmenting the first mean by (f, &c. 

1. Find three arithmetical means between the extremes 

2 and 18 ' 

6 — a 
The fwmula d= — --7 

- 18 
givea 

hence, the progression is 

2 . 6 . 10 . 14 . 18. 

2. Find twelve arithmetical means between 12 and 'H 
b'-a 



The formula d = 



m + l 



gives d = — j^ — = 5. 

Hence, the progression is 

12 . 17 . 22 . 27 .... 77. 

143* Remark. — If the same number of arithmetieiA 
means are inserted between all the terms, taken two and 
two, these terms, and the arithmetical means united, will 
form but one and the same progression. 

For, let a,b.c,e,/,,. be the proposed pro. 
gression, and m the number of means to be inserted b» 
tweeu a and b, b and c, c and « . . . . 4jo. 
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From what has just been said, the common difference ol 
each partial progression will be expressed by 

5 — a c — b e — c 



m+V m+V m+l ' ' * 

expressions which are equal to each other, since a, 6, e . . . 
are in progression : therefore, the common difference is ihk 
same in each of the partial progressions; and since thb 
last term of the first, forms the^r^^ term of the second, dsc.^ 
we may conclude that all of these partial progressions form 
a single progression. 



BXAMPLS8. 

1. Fin4 the sum of the first fifty terms of the progres- 
lion 2 . 9 . 16 . 23 . . . 

Fo>* the 50th term we have 

/=:2+49 X 7 = 345. 

Hence, 5= (2 + 345) X ^ = 347 X 25 = 8675. 

2 

2. Find the 100th term of the series 2 . 9 . 16 . 23 . • . 

Ans. 695. 

3. Find the sum of 100 terms of the series 1.3.5. 
/ . 9 . . . Ans. 10000. 

4. The greatest term is 70, the common difference 3, and 
the number of terms 21 : what is the least term anl the 
flum of the setiesl 

Am. Least term 10 ; sum of se^ries 840 
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5. The first term is 4, the common difference 8, and th« 
number of terms 8 : what is the last term, and the sum of 
the series ? 

j Last term 60. 
^'^' (Sum =256. 

6. The first term is 2, the last term 20, and the numbei 
of terms 10 : what is the common differenee 1 

7. Insert four means between the two numbers 4 and 10 , 
what is the series ? 

Ans. 4 . 7 . 10 : 13 . 16 . 19. 

8. The first term of a decreasing arithmetical progression 
is 10, the common difference one-third, and the number of 
terms 21 : required the sum of the series, # 

Ans, 140 

9. In a progression by differences, having given the com- 
mon difference 6, the last term 185, and the sum of the 
terms 2945 : find the first term, and the number of terms. 

Ans. First term = 5 ; number of terms 31 

10. Find nine arithmetical means between each antece 
dent and consequent of the progression 2. 5. 8. 11. 14... 

Ans. Common dif., or (f = 0.3 

11. Fhid the number of men contained in a triangula/ 
battalion, the first rank containing one man, the second 2 
the third 3, and so on to the n**, which contains n. In othe 
words, find the expression for the sum of the natural num 
bers 1, 2, 3 . . ., from 1 to n inclusively. 

Ans. 8=^-^'^ 



eSOMBTRICAL PROPORTION. 5253 

12. Find the sum of the n first terms of the progression 
of uneven numbers 1, 3, 5, 7, 9 . . • Ans, S = n\ 

13. One hundred stones being placed on the ground in a 
straight line, at the distance of 2 yards apart, how far will a 
person travel who shall bring them one by one to a basket, 
placed at a distance of 2 yards from the first stone 1 

Ans. 11 miles, 840 yards. 

Oeometrical Proportion and Progression. 

144. Ratio is the quotient arising from dividing one 
quantity by another quantity of the same kind. Thus, if 
the numbers 3 and 6 have the same unit, the ratio of 3 to 6 
will be expressed by 

And IE general, if ^ ac 1 ^ represent quantities of the same 
kind, the ratio of ^ to B will be expressed by 

B 

3"' 

145* If there be four numbers 

2, 4, 8, 16, 

Having such values that the second divided by the first i^ 
9qual to the fourth divided by the third, the numbers are 

- 144. Wbat ia rati jf What is Uie ratio of 3 to 6 f Of 4 to 12 • 
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said to be in proportion. And in general, if there be foui 
quantities, A^ B^ C7, and 2), having such values that 

B _D^ 
A^ G' 

then A is said to have the same ratio to B that C has to 2>, 
or, the ratio oi A to j? is equal to the ratio of O to J}, 
When four quantities have this relation to each other, com- 
pared together two and two, thej are said to be in geomet- 
rical proportion. 

To express that the ratio of ^ t^ ^ is equal to the ratio 
of (7 to Z>, we write the quantities thi^s : 

A : B :: C : D^ 

and read, ^ is to ^ as (7 to i>. 

The quantities which are compared, the one with the 
other, are called terms of the proportion. The first and last 
terms are called the two extremeSj and the second and third 
terms, the two mean$. Thus, A and 2> are the extremea, 
and B and C the means. 

146. Of four proportional quantities, the first and third 
are called the antecedents, and the second and fourth the 
consequents ; and the last is said to be a fourth proportional 
to the other three, taken in order. Thus, in the last pro- 
portion A and are the antecedents, and ^ and D the con- 
sequents. 

w ■ 

145. What Lb proportion! How do jou express that four numbeib 
»rc in proportion t What are the numbers called f What are tho first 
and fourth terms called t What the second and third t 

146. In four proportional quantities, what are the firs/ and third callnd I 
What the second and ffnirth ? 
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147. Three quantities are in proportion when the first has 
the same ratio to the second that the second has to the 
third ; and then the middle term is said to be a mean pro> 
portional between the other two. For examole, 

3 : 6 :: 6 : 12; 

and 6 is a mean proportional between 3 and 12. ' 

148. Quantities are said to be in proportion by inversion^ 
or inversely^ when the consequents are made the antecedenia 
and the antecedents the consequents. 

Thus, if we have the proportion 

3 : 6 : : 8 : 10, 
the inverse proportion would be 

6 : 3 : : 16 : 8. 

149. Quantities are said to be in proportion hj uitgrna- 
tion^ or alternaiely^ when antecedent is compared with ante 
oedent and consequent with consequent. 

Thus, if we have the proportion 

3 : 6 : : 8 : 16, 

the alternate proportion would be 

3 : 8 : : 6 : 16. 



147. When are three qoantities proportional f Whut it the niiddk; 
or e called ? 

] 48. When are quantities said to be in propertion bj mveraioo;, or in 
vorselj! 

149. When are quantities in pr(i]M>rtioii by alternation I 
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160. Quantities are said to be in proportion bj compoH 
tian^ when the sum of the antecedent and consequent is 
compared either with antecedent or consequent. 

Tlius, if we have the proportion 

2 : 4 : : 8 : 16, 

the proportion by composition would be 

2 + 4 : 4 :: 8 + 16 : 16; 
that is, 6:4:: 24 : 16. 

161. Quantities ace said to be in proportion bj division^ 
when the difference of the antecedent and consequent is 
compared either with antecedent or consequent. 

Thus, if we have the proportion 

3 : 9 : : 12 : 36, 

the proportion by division will be 

9-3 : 9 :: 36-12 : 36; 
that is, 6 : 9 : : 24 : 36. 

162. Equi-multiples of two or more quantities are the 
products which arise from multiplying the quantities by the 
same number. 

Thus, if we have any two numbers, as 6 and 5, and mul- 
tiply them both by any number, as 9, the equi-multiples 
virill be 54 and 45 ; for 

6 X 9 = 54, and 5x9 = 45. 

1 1)0 When are quantitieB in proportion by composition t 
\h\ t^Then are quantities in proportion by division ? 
I^2i Wbot ore equi-multiples <'f two or more quantities I 
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Also m X ^ and m X ^ are equi-multiples of A aad JS, die 
oommon multiplier being m. 

153. Two quantities A and j5, which may change theif 
values, are reciprocally or inversely proportional^ when one it 
proportional to unity divided by the other, and then theif 
l^/vduct remains constant. 

We express this reciprocal or inverse relation thus : 

. 1 
Aa>- 

m which A is said to be inversely proportional to & 

164. If we have the proportion 

A : B :: C : D, 

B D 
we have, 'a^'C' ^^^* **^^ ' 

and by clearing the equation of fractions, we have 

BCz=iAD. 

That is, Of four proportional quantities, the product of the 
two extremes is equal to the product of the two means. 

This general principle is apparent in the proportion bf>> 
fcween the numbers 

2 : 10 : : 12 : 60, 
which gives 2 X 60 = 10 X 12 = 120. 



1&3* When ore two qnantif tea eiud to be redprocallj proportuniJ t 
154. If four qnsntities are proportional, what is the {iroduct of the 
t wu means equal to f 

12 
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]56. 1/ four quantities, A^ By C\ 2>, are so related to fitusk^ 
other, that 

B D 
we sLall also have 7^7^' 

and hence. A : B C \ B. 

That S&\ If iht product of two quantities is equal to th€ i^f> 
duct of two other quantities^ two of them may be made il<e e» 
trcmes^ and the other two the means of a proportion. 
Thus, if we have 

2 X €* - i X 4, 
wt also have 

2 : 4 :: 4 : 8. 

156. if we have three proportional quantities 
A.BxxBiC, 

^ ^^ 
we have, T ^ If » 

hence, B^ zz, AC. 

That is : Jf three quantities are proportional^ the square ^ 
the middle term is equal to the product of the txoo extremes. 
Thus, if we have the proportion 

3 : 6 : • 6 : 12, 
we shall also have 

6 X G = 62 = 3 X 12 = 30. 

155> If the product of two quantities is equal fo the product of twe 
ct)ier quantities, may the four be placed in a proportioQ I Hew t 

166. If three quantities are proportional, what ia the prodmt of lh» 
ex(rmnef« equal t(» f 
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1ST. If we have 

B D 

A : B : : C : D^ and consequei^itly -j = 77» 

multiply both members of the last equation by -^^ aud 

we then obtain, 

C B 

and hence, A \ C m B i D. 

Tbat is : If four guanUiies are proportional^ (hey mil be in 
proportion by alternation. 

Let us take, as an example, 

10 : 15 : : 20 : 30. 

We shall haye, by altenmting the tenns, 

10 : 20 : : 15 : 30. 

168. If we have 

A : B :: C : D and i B : : £ i F^ 

we shall also have 

B D ^ B jr 
-=- and ^=-^; 

D F 
hence, 7=- = -^ and C \ D \\ E \ F. 

That is : If there are tioo sets of proportions having an 



1l7i ]f four quantities are proporticnal, will they be in proportiofD k| 
vlteniatioD t 
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antec^Jent dnd conseqttent in the one eqnal to an antecedem 
and cwisequent of the other , the remaining terms mil be pnh 
portional. 

If w ^ have the two proportions 

2 : : : S : 24 and 2 : 6 : : 10 : 80, 
W2 shall also have 

8 : 24 : : 10 : 30. 

169. If we have 

^ " 7) 

A : B : I (7:2), and consequently, -j = ~, 

we have, by dividing 1 by each member of the equation 

A 

^ = ^ , and consequently B : A :: D : C, 

'ihat is : Four proportional gua$Uiiie$ wiU he in proportion^ 
tohen taken inversely. 

To give an example in numbers, take the proportion 
7 : 14 :: 8 : 16; 
then, the inverse proportion will be 

14 : 7 : : 16 : 8, 
\u which the ratio, is one-half. 

160, The proportion 
A I B :: : D give* AxD^Bx C. 



ll&i If yoa have two sets of proportions baying an anteced«9Ct and 
wnsoqiient in each, equal ; what will follow f 

159i If fonr quantities are in proportion, will tbey be io proportiuv 
dien takon inversely ? 
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lo eocH member of the last equation add B X D We 
shall then have 

{A+ B) xD={0+D)x B\ 

•nd by separating the factors, we obtain 

A-^-B I B \ I C + D : D. 

If, instead of adding, we subtract B x D from both rriem 
bei3, we have 

{A-B) xD = {C-D) xBi 

which gives 

A-B : B : : C — J) : D. 

That is : If f(mr quantUies are proportional^ they toUl b€ m 
proportion by composition or division. 

Thus, if we have the proportion 

9 : 27 : : 16 : 48, 
we shall have, by composition, 

9 + 27 : 27 : : 16 + 48 : 48 ; 
that is, ' 36 : 27 : : 64 : 48, 

VI which the ratio is three-fourths. 

The same proportion gives us, by division, 
27 - 9 : 27 : : 48 - 16 : 48 ; 
that is, 18 : 27 : : 32 : 48, 

in which the ratio is one and one-half. 



160« If four qiuuititieB are in propodian, will they bo in proporticn 
Vy composition f Will they be in proportion by dirisioo I What is th« 
. difference between composition and division f 
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161. If ^e have 

^ "" C" 

fend multiply the numerator and denominator of tke fixat 
nri ember by any number m, we obtain 

-^ = -r7 and mA : mB : i C i D. 

mA C 

That is : Equal multiples of two quantities have ih$ klwh 
ratio as the quantities themselves. 

For example, if we have the proportion 

5 : 10 : : 12 : 24, 

and multiply the first antecedent and consequent by 6^ we 
have 

30 : 60 : : 12 : 24, 

in which the ratio is still 2. 

162. The proportions 

A \ B \ \ C \ D and A\B.\E\ F, 

give -4xi> = J5x(7and-4x F =i B xF; 

adding and subtracting these equations, we obtain 

A{I)dbF) = B{C±F), or A : B : : C±.E i D±F. 

That VA\ If C and D, ihe antecedetit and consequents be aug- 
mented or diminished by quantities E and F, which have the 
same ratio as C to 1^^ the resulting Quantities will also have 
the same ratio, 

161* Have equal nmltipIeB of two quantities the same ratio as Ih* 
quantities I 

ltf2« Sappose the antecedent and consequent be aug^mented ur JaLLjm 
talif'd by qoantitiep haying the some ratio! 
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Let US take, as an example, the proportion 
9 : 18 : : 20 : 40, 
hi which the ratio is 2. 

If we augment the antecedent and consequent by the 
numbers 15 and 30, which have the same ratio, we shall 
have 

9+ 15 : 18 + 30 :: 20 ; 40; 
that is, 24 : 48 : : 20 : 40, 

in which the ratio is still 2. 

If we diminish the second antecedent and consequent by 
these numbers respect' vely, we have 

9 : 18 • 20-15 : 40-30; 

that is, 9 : 18 : : 5 : 10, 

in which the ratio is still 2. 

163* If we have several proportions 
A : B : I C : B, which gives A x D = £ X (7, 
A : B : : JS : F, " « A x F =z B x Bl, 
A:B::G:ff, ** " AxJI=zBxef, 
dec, &?c., 
we shall have, bj addition, 

A{D + F+I{)=zB{C-i'JS+ 6f)i 

and bj separating the factors, 

A : B : : C+F+ G : D+F+Jff. 

That Vs : In any number of proportions having ih$ samt 
raiiOj any antecedent will be to its conseijnent^ as the sum ((f 
tfte antecedents to Hie sum of the consequents. 
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Let us take, for example, 

2 : 4 : : 6 : 12 and 1 : 2 : : 3 : 6, dro. 
Then 2 : 4 : : 6 + 3 : 12 + 6 ; 

diat is, 2 : 4 : : 9 : 18, 

in which the ratio is still 2. 

164. If we have four proportional quantities 

» 71 
A : B : : : D^ w^ have -j = -— - ; 

and raising both members to anj power whose exponent a 
fi, or extracting any root whose index is n, we have, 

-r; = -j^^ and consequently 

A* : £* :: Cf* : 2>*. 
That is : If four qiuintitiea are proportional, their like p<naer$ 
or roots will be proportional. 
If we have, for example, 

2:4 : : 3 : 6, 
we shall have 2* : 4* : : 3* : 6» ; 

that is, 4 : 16 : : 9 : 36, 

in which the terms are proportional, the ratio being 4. 
166. Let there be two sets of proportions, 

A : B : : O : D which gives — = -^j 

A 

jB.F.-.e.ff, „ „ J=f. 

IdSi Id any number of proportions having the same ratio, hov MffSl 
any one antecedent bo to its consequent f 
164. Id four proportional quantities^ how are like powen or ro'ital 
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Multiply them together, member by member, we have 

BF DH 

^— = — . >*hich gives AE : BF : : CO DH. 

That is : In two sets of proportional quantities, the produiU 
qf the corresponding terms are proportional. 

Thus, if we hfcve the two proportions 
8 : 16 : : 10 : 20 
Hnd 3 : 4 : : 6 . 8, 

we shall have 24 : 64 : : ^0 : 160. 

Oeometrical Progresssion, 

166. We have thus far only considered the case in which 
the ratio of the -first term to the second is the same as that 
of the third to the fourth. 

If we have the farther condition, that the ratio of the 
second term to the third shall also be the same as that of 
the first to the second, or of the third to the fourth, we shall 
have a series of numbers, each one of which, diyided by the 
preceding one, will give the same ratio. Hence, if any 
term be multiplied by this quotient, the product will be the 
succeeding term. A series of numbers so formed is called 
a geometrical progression. Hence, 

A Geometrical Progression, or progression hg quotients, is a 
series of terms, each of which is equal to the preceding tem 



f65* In two acU of propurtip:*?) how ar i the products of the oonei 
fHiu<Uiitt tonxiat 

B 
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multiplied by a constant number, which number is callei tiM 
ratio of the progression. Thus, 

1 : 3 : 9 : 27 : 81 : 243, &c^ 

ts a geometrical progression, in which the ratio is 3. It b 
wriUeii hy merely placing two dots between the terms. 

Also, 64 : 32 ! IG : 8 : 4 : 2 : 1 

b A geometrical progression, in which the ratio is one-half. 

In the first progression each term is contained three times 
ui the one that follows, and hence the ratio is 3. In the 
second, each term is contained one-half times in the one 
which follows, and hence the ratio is one-half. 

The first is called an inerea^ng progression, and the 
second a decreasing progression. 

Let ayh, c^ d^ e^f, . . . be numbers in a progression by 
quotients ; they are written thus : 

a \ h \ c I d \ e I f I g , , . 

and it is enunciated in the same manner as a progression by 
differences. It is necessary, however, to make the distico- 
tion, that one is a series formed by equal differences, and 
the other a series formed by equal quotients or ratios. It 
should be remarked that each term is at the same time an 
antecedent and a consequent, except the first, which is only 
an antecedent, and the last, which is only a consequent. 



16Gt What is a geometrical progression ! What is the ratio of the 
progresdion 9 If any term of a progression be multiplied by the ratio 
what will the product be 9 If any term be divided by the ratio, what 
will the quotient be 9 How is a progression by quotients written f 
Which of tlio terms is only an antecedent ? WhVch only a coosoqaeot ) 
Hovi may each r)f the others be considered ! 
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167. Let q denote- the ratio of the progression 

a : b : c : d , , , • 

q being > 1 when the progression is increasing, and 9 < 1 
when it is decreasing. Then, since 

h € d e ^ 

we have 

i = o^, c = 6j = ag\ dz=r.cq =, aq^ e =z dq =. a^, 
/=eq = aq^ . . .; 

tiiat is, the second term is equal to aq, the third to aq\ the 
fourth to aq% the fifUi to aq^^ 6sc. ; and in general, the nth 
term, that is, one which has » — 1 terms before it, is ex- 
pressed by aq*^^. 

Let / be this term ; we then have the formula 

by means of which we can obtain any term without being 
obliged to find all the terms which precede it. Hence, to 
mid the last term of a progression, we have the following 

RULE. 

I. liaise the ratio to a power whose exponent is one less than 
the number 0/ terms, 

II. Multiply the power thus found by the first term : tli4 
product will be the required term, 

^ . - ... ■ 

167* By vhat letter do we ienote the ratio of a progression t In an 
aicrflasing progressioD la q greater 9r less than If In a decreasing pro- 
gression is q greater or less than 1 ? If a is the first term and q the 
ratio, what is the secon J ♦erra equal to ? What the third ? What 4lie 
luurth f What is the laa eerm equal to t Give the rule for finding the 
Bst t«rm. 
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EXAMPLES. 

1. Find the 5th term of the progression 

2 : 4 : 8 : 16 . . 
D which the first term is 2 and the common r»tio S 
5th term = 2 X 2* = 2 x 16 = 32 Ant 

2. Find the 8th term of the progression 

2 : 6 : 18 : 54 . • 

8th term = 2 x 3' = 2 x 2187 = 4374 Ans. 

3. Fmd the 6th teim of the progression 

2 : 8 : 32 : 128 . . . 
6th term = 2 X 4» = 2 X 1024 = 2048 Ant. 

4. Find the 7lh term of the progression 

3 : 9 : 27 : 81 . . . 

' 7th term = 3x3« = 3x729 = 2187 Am 

5. Find the 6th term of the progression 

. 4 : 12 : 36 : 108 . . . 
6th term = 4 X 3* = 4 X 243 = 972 Ans. 

6. A person agreed to pay his servant 1 cent for the hrst 
day, two for the second, and four for the third, doubling 
every day for ten days: how much did he receive on the 
tenth dayl Ans. $5.12. 
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7. What is the 8th term of the progression 
D : 3G : 144 : 576 . . . 
8th term = 9 X 4'' = 9 x 16384 = 147456 An^ 
S. Find the 12th term of the progression 

64 : 16 : 4 : 1 : 4- • • . 
4 



12th 



(1 \ 11 43 1 1 



168. We will now proceed to determine the sum of n 
t^irras of a progression 

a : b : € : d : e : f : , , . : % : k : I; 

I denoting the /ith term. 

We have the equations (Art. 167), 

b = aqy cz=zhq^ d=zcq^ ez=dq^ . . . k=z{q, l=.kq^ 

and by adding them all together, member to member, we 
deduce 

Bum of \st members Sum of 2d memhen. 

b+e-i'd+e+ . . . +k+l={a-i'b+e-^d+ . . . +i+k)q' 

in which we see that the first member contains all the terms 
but a, and the polynomial within the parenthesis in the 
second member contains all the terms but /. Hence, if we 
call Ih'^ sum of the terms S, we have 

S . a = (S - /) y = S^ — /g, r • Sg - S = ^ - o 5 

whence S =3 — —. 

Q — 1 
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Therefore, to obtain the sum of all the terms or sum of the 
series of a geometrical progression, we have the 



BULK. 

I. Multiply the last term by the ratio. 

II. Subtract the first term from die product 

III. Divide the remainder by the ratio diminished by unity 
tnd the quotient will be the sum of the series. 

1. Find the sum of eight terms of the progression 

2 : 6 : 18 : 54 : 162 ... 2 X 3' = 4374. 

3^^^13122-^^ 
^ — 1 2 

2. Find ^iie sum of the progression 

2 : 4 : 8 : 16 : 32. 

S = ^ = ?if^ = 62. 
^-1 1 

8. Find the sum of ten terms of the progression 

2 : 6 : 18 : 54 : 162 . . . 2 X 3« = 39366. 

Ans. 59048 

4. What debt may be discharged in a year, or twelve 
months by pa}'ing $1 the first month, $2 the seconOi month, 



168 Give the rule for finding the sum of the aeriea \Vliat is the fit ki 
^ep f What the secoi d t What the third t 
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|4 the ihtrd m<mth, and so on, each succeeding payment 
being doublo the last ; and what will be the last payment 1 

^^ «Debt, . . $4095. 

( Last payment, $2046. 

5« A gentleman married his daughter on New Year's day, 

and gave her husband 1«. towards her portion, and was to 

double it on the first day of every month during the year 

what was her portion 1 Ans, £204 15«. 

6. A man bought 10 bushels of wheat on the condition 
that he should pay 1 cent for the first bushel, 3 for the second, 
9 for the third, and so on to the last : what did he pay for 
the last bushel and for the ten bushels ? 

j Last bushel, $1 90,83, 
(Total cost, $295,24. 

7. A man plants 4 bushels of barley, which, at the first 
harvest, produced 32 bushels ; these he also plants, which, 
in like manner, produce 8 fold; he again plants all his crop, 
and again gets 8 fold, and so on for 16 years : what is his 
last crop, and what the sum of the series 1 

{ Last, 1407374883653286t* 
*• ( Sum, 160842843834660. 
169. When the progression is decreasing, we have 
9 < 1 and / < a ; the above formula 

fbi the sum is then written under the form 



l-q' 
In order that the two terms of the fi*action may be positive. 



169i What 18 the forniula for the sum of the series of a flecreanr^ 
pnigrcssiuu f 
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1. Find the sum of the terms of the progression 
32 : 16 : 8 : 4 : 2 

32-2x4- «, 

I -- q 1 1 

2 2 

2 Ftud the sum of the fTrst twelve terms of the progression 

1 /1\" 1 

64 : 16 : 4 : 1 :-:... : 64(^) , or -^^^. 

64-rr^x4- 256- ^ 



_a-lq_ 65536 4 _ 65536 65535 

l-?"" £ "" ^ ■" "^19660& 

4 
170. — Remark. We perceive that the principal difficulty 
Ronsists in obtaining the numerical value of the last term, a 
tedious operation, even when the number of terms is not 
verj great. 

3. Find the sum of 6 terms of the progression 

512 : 128 : 32 . . . 

Ans. 6821. 

4. Find the sum of seven terms of the progression 

2187 : 729 : 243 . . . 

Ans. 3279 

5. Find the sum of six terms of the progrtnision 

972 : 324 : 108 . . . 

Ane. 1456 
6 Find the sum of 8 terms of the progression 
147456 : 36864 : 92J6 ... 

Am. I906a\ 
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Of Progressions having an infinite number of terms. 
171. Let there be the decreasing progression 
a I b : e '. d : e : f I , m • 
oontaming am indefinite number of terms, [n the formula 

■ubstitute for / its value o^* (Art 167), and we have 

q _ g ~ qg* 

which expresses the sum of n terms of the progression. 
This may be put under the form 



S 



-?2L. 



l^q 1-g 

Now, since the progression is decreasing, ^ is a proper 
firaction ; and g* is also a fraction, which diminishes as n- 
increases. Therefore, the greater the number of terms we 

take, the more will r X gT diminish, and consequent 

ly the more will the entire aum of all the terms approximAtf 

to an equality with the first part of S, that is, to 



l-q 
Finally, when n is taken greater tnan any given number, oi 

n = infinity, then = x J* will be less than any given 

number, or will become e^al to ; and the exprcbsion 

will then represent the true value of the sum of all the tenns of 
the scries. Whence we may conclude, that the expressics 

12» 



S74 XLBMCffTART ALOBBRA. 

for ihe sum of the tei-ms of a decreasing progression^ in whick 
the number of terms is infinite^ is 

S = 



1-y 
that is, equid to the first term divided by 1 minus the ratio. 

This is, properly speaking, the limit to which the partial 
sums approach, as we take a greater number of terms in the 

progression. The difTereuce between these sums and 

may be made as small as we please, but will only become 
wthing when the number of terms is infinite. 

XXAMFLBS. 

I. Find the sum of 

1 1 1 1 1 * • fi V 
^ ^ a ^9 ^27 ••81 to^^^^^y- 

We have for the expression of the sum of ike terms 
S = ^±-= ^ =1. Ans. 

3 

The error committed by taking this expression for the 
▼aiue of the sum of the n first terms, is expressed by 



a , 3 / 1 V 



l-q 

First take n = 5 ; it becomes 

. 3* ""162* 



m 



171 'Wlien tbe progression is decreasinc: and the number of tcrroir in 
Unite, what is ifae expression fur the ▼al'^e of the snic of the series I 
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When n=z6, we find 

2 \ 3/ ""162 ^ 3 ""486" 
Hence, we see, ihat the error committed^ by ^king ^ 

for the sum of a certain number of tenns, is less in propon 
tion as this number is greater. 

2. Again, take the progression 

,11111. 

^ • 2 • 4 • ¥ • l6 • 32 ' ^"^ • • • 

We have S = r-^— = r- = 2. An». 

2 

8. What is the sum of the progression 

11 1 1 . . . i: V 

'lO^ 100 1000 10000 ' ' 

10 

172. In the several questions of geometrical progression 
there are five numbers to be considered : 

1st. The first term, . a. 

2d. The ratio, 9- 

3d. The number of terms, «». 

4th. The last term, I 

5th. The sum of the terms, S. 



173 How many mimbers are oonsidered in geometrical prqgiesnonl 
Wliat are they! 
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173. We shall terminate this subject by solviiig Mm 
problem. 

To find a mean proportional between any two numbers, 
as m and n. 

Denote the required mean by x. We shall then ha>« 
(Art. 166), 



and hence, x = y^m X ». 

That is, Multiply the two numbers together^ ana extract the 

square root of the product. 

1. What is the geometrical mean between the numbers 
2 and 81 

Mean = -/8 x2 = -/IB = 4. Ans. 

2. What is the moan between 4 and 16 1 . An». 8 

3. What is the mean between 3 and 271 Ans. 9 

4. What is the mean between 2 and 721 Ans. 12. 

5. What is the mean between 4 and 64 1 Ans. 16. 

17S How do yon find a mssii proportiooal Wtww& two nnmbenl 



JV LOflABITBllS 9n 



CHAPTER VIII 

Of Logarithms, 

174. llie nature and properties of the logarithms in cofii> 
mon use, will be readilj understood, bj oonsiderli^ atten- 
tively the different powers of the number 10. They are, 

10«=1 

10^ = 10 

10« = 100 

103 = 1000 

10* = 10000 

10« = 100000 

It is plaip ihat the expwients 0, 1, 2, 3, 4, 5, ^c., form an 
arithmetiea? Maries of which the obmmon difference is 1 ; 
and that the numbers 1, 10, 100, 1000, 10000, 100000, &c., 
form a geon^etrical progression of which the common ratio is 
10. The number 10, is called the biue of the system of loga- 
rithms; and the exponents 0, 1,2,3,4, 5, &c., are the log&> 

174. What rdai'OD eziBts between tbe exponents 1, 2, 8, Ac. I How 
are the oorrespoDding numben 10, 100, 1000 1 What is the oommoo 
diftraMe of the ezponeDtt I What is the oommoD ratio of the coitpb 
ponding numbers f What is the base of the common system of logs 
rithms t What are the exponents t Of what nmnber is the expnnetit 
I the logariUun f Tlie exponent 2 f Hie exponent 8 f 
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rlthms of the numbers which are produced by raising 10 tG 
the powers denoted by those exponents. 

175. If we denote the logarithm of any number by m^ 
then the number itself will be the mth power of 10 : that is, 
if we represent the corresponding number by M, 

10- = M. 
Thus, if we make m = 0, if will be equal to 1 ; if m = l, 
Af will be equal to 10, &c. Hence, 

The logarithm of a number is the exponent of the power to 
which it is necessary to raise the base of the system in order 
to produce the number, 

176. Letting, as before, 10 denote the base of die system 
if logarithms, m any exponent, and M the corresponding 

number : we shall then have, 

10- = if 
in which vi is the logarithm of M, 

If we take a second exponent n, and let N denote the 
ooiTcsponding number, we shall have, 

10» = JV^ 
in which n is the logarithm of N. 

If now, we multiply the first of these equations by the 
second, member by member, we have 

10- X 10- = 10-+- = MX N\ 
bat since 10 is the base of the system, rn + nvA the loga- 
rithm M X Nj hence. 



175. if ire denote the faeae of a eyetem by 10, end the espeoeitt by 
m, what will represeDt the ooireqpondiqg nomber I What k the k^ga- 
rilhm of a number t 

176* To what is the Boin of the logarithms ci any two numbers equal I 
To whttt Iheu, will Uie ftildition of lugnritliuia ourreepoiK* I 
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Th€ mm of ike logaritkms of any two numhern U tqwU to 
^ke logarithm of their product 

Therefore, the addition of logarithma correspomie to the 
multiplication of their numbers, 

177. If we divide the equations by each other, nember 
by member, we have, 

but since 10 is the base of the system, m — n is the loga 
rithmof •^; hence. 

If one number be divided by another^ the logarithm if the 
^[uotient will be equal to the logarithm of the dividend dimi- 
nished by that of the divisor. 

Therefore, Hie subtraction of logarithms corresponds to the 
division of their numbers, 

178. Let us examine further the equations 

10« = 1 

10^ = 10 

10' = 100 

103 = 1000 

6zc, &c. 
It is plain that the logarithm of 1 is 0, and that iiie loga> 
lithms of all the numbers between 1 and 10, are greater 
than and less than 1. They are generally expressed by 
decimal fractions : thus, 

1<^ 2 = 0.301030. 

177. If one number be diyided by another, what will the logaritbin 
of tlie quotient be equal to f To what then will the subtractifiD of 
logaritluns correspond t 

178. What Lb the logarithm of 1 1 Between what limits are the loga 
rithma of all numbers between 1 and 10 1 How are they generally 
nr^trcmcdl 
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The logarithms of all the numbers greater than 10 ana 
less than 100, are greater than 1 and less thai^ 2, and are 
generally expressed hy 1 and a decimal fraction : thus, 

log 50 = 1.698970. 

The part of Uie logarithm which stands on the left of the 
decimal point, is called the characteristic of the logarithm. 
the characteristic is always one less than the number of 
places of figures in the number whose logarithm is taken. 

Thus, in the first case, for numbers between 1 and 10, 
there is but one place of figures, and the characteristic is 0. 
For numbers between 10 and 100, there are two places of 
figures, and the characteristic is 1 ; and similarly for other 
numbers. 

Table of Logarithms, 

179. A table of logarithms is a table in which are writ- 
ten the logarithms of all numbers between 1 and some 
other given number. A table showing the logarithms of 
the numbers between 1 and 100 is annexed. The numbers 
are written in the column designated by the letter N, ana 
the logarithms in the columns designated by Log. 

How is it with the logarithma of numbers between 10 and 100 
What is that part of the logarithm called which stands at the left oi 
the characteristic f What is the value of the characteristic f 

179« What is a table of logarithms f Explain the manner of finding 
the logarithms of numbers between 1 and IJOI 
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TABLE. 
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1 


Log. 


N. 
26 


Log. 


N. 
51 


Log. 


N. 
76 


Log. 


0.000000 


1.414973 


1.707570 


4.880814 


2 


0.301030 


27 


1.431364 


52 


1.716003 


77 


1.886491 


3 


0.477121 


28 


1.447158 


53 


1.724276 


78 


1.892095 


i 


0.G02060 


29 


1.462398 


54 


1.732394 


79 


1.897627 


5 

6 


0.098970 
0.778151 


30 
31 


1.477121 


55 
56 


1.740363 


80 
81 


1.903096 


1.491362 


1.748188 


1.908485 


? 


0.845098 


32 


1.505150 


57 


1.755875 


82 


1.913814 


8 


0.90309C 


33 


1518514 


58 


1.763428 


83 


1.919078 


9 


0.954243 


34 


1.531479 


59 


1.770852 


84 


1.924279 


10 
11 


1.000000 


35 
36 


1.544068 


60 
61 


1.778151 


85 

86 


1.929419 


1.041393 


1.556303 


1.785330 


1.934498 


12 


1.079181 


37 


1.568202 


62 


1.792392 


87 


1.939519 


13 


1.113943 


38 


1.579784 


63 


1.799341 


88 


1.944483 


14 


1.146128 


39 


1.591065 


64 


L806180 


89 


1.949390 


15 
16 


1.176091 


40 
41 


1.602060 


65 

66 


1.812913 


90 
91 


1.954243 


1.204120 


1.612784 


1.819544 


1.959041 


17 


1.230449 


42 


1.623249 


67 


1.826075 


02 


1.963788 


18 


1.255273 


43 


1.638468 


68 


1.832509 


93 


1.968483 


19 


1.278754 


44 


1.643453 


69 


1.838849 


94 


1.973128 


20 
21 


1.301030 
1.322219 


45 
46 


1.653213 
1.662758 


70 
71 


1.845098 


95 
96 


1.977724 


1.851258 


1.982271 


22 


1.342423 


47 


1.672098 


72 


1.857333 


97 


1.986772 


23 


1.361728 


48 


1.681241 


73 


1.863323 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1.869232 


99 


1.995635 


25 


1.397940 


50 


1.698970 


75 


1.875061 


100 


2.000000 



EXAMPLES. 

1. Let it be required to multiply 8 by 9, by means of loga- 
fithms. We have seen, Art. 176, that the sum of the loga. 
ritbms is equal to the logarithm of the product. Therefore, 
find the logarithm of 8 from the table, which is 0.903090, 
and then the logarithm of 9, which is 0.954243 ; and theiy 
fum, which is 1 .857333, will be the logarithiii of tlie product 

I? 
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In searching along in the table, we find that 72 stands oppo 
site this logarithm : hence, 72 is the product of 8 bj 9. 

2. What is the product of 7 by 12 1 

Ix>garithm of 7 is, .... 0.845008 
Logarithm of 12 is, . . . .1 070181 



Logarithm of their product, . . 1.924279 

ind the number corresponding is 84. 

8. What is the product of 9 by 1 i ? 

Logarithm of 9 is, . . . . 0.954243 

Logarithm of 11 is, . . . . 1.041393 



Logarithm of their proauct, . . 1.995036 
and the corresponding number is 99. 

4. Let it be required to divide 84 by 3. We have leen 
in Article 177, that the subtraction of Logarithms a ('res- 
ponds to the division of their numbera. Hence, if wt find 
the logarithm of 84, and then subtract from it the logai ' tLm 
of 3, the remainder will be the logarithm of the quoti iit. 
The logarithm of 84 is, . . . 1.924271 
The logarithm of 3 is, . . . 0.477121 



Their difference is, . . , . 1.44715? 

and iho number corresponding is 28. 

5 What is the product of 6 by 7 1 

Logarithm of 6 is, . . . 0.778111 

Logarithm of 7 is, . . . . 0.8'i50r/8 

Their sum is, ... . 1.623249 

»r»d the corresponding number of Use lable, 42. 



SUPPLEMENT. 

UAMPLXS a ADOITIOK AKD BUBTRAOTIOMt 

1. What is the sum of 

02^ + baf' and c«" + cte", 

2. What is the sum of 

oas" and &»■ — ca?" — <tf, 

3. What is the sum of 

10a* + 3a* and 6a* - a* - 5a^ 
i. What is the sum of 

5a3-7a3 and lla^ + o*. 

5 What is the sum of 

a'^ — 9a- + 6a"6- and 6a* + lCa^6-. 

6. What is. the sum of 
6a'*a+7a6^-3a-6*-l2a65»c and Qa^^-^-da^h^i-y^^ar^ 

7. What is the sum of 

6a*6 + Za^b^e -lab" 6a*6 and 2a26*c + 17ad + 9a*6 - 
Sa^bh - lOai. 

8. What is the sum of 

5arb^ + 3a36—* ~ 3a3 - 3ra-^ and 4^V6*-» - » -f lOo^ 
+ a"6P + a + 3a262 — 2ff^a^b^\ 

9. What is the sum of 

OfliftV - 76 + 186 - 5a-6- +c« - 3d» and 3a-6- - ha^b^ 
+ 3c« - 5rf». 
10 From - 9a-aj2 — 13 + 2a63« — 46-car* 
take 36"c^» — 9a»a?» — -f 2a63j». 
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1 1. From 5a* - ?o3&' - Sed^ + Id 
take - 'i5a3&2 + 3^4 _ 3a2 - 7c<P. 

12. From 9a-i^ + 6ai- — cP + 18a*&' 
take 7a*i» + <;«-- 8a6- + Oo-^^. 

13. From 12^rf« - 16a»&« - 5a-^ + 6a<* 
take 6a»6- - Goc** + 16aW + 126«rf». 

ii. From So^ftSc* — 12a-ft + Coa?* + 8arf» 

take Sad' — Sa^ftV — 12a»6 + 6a«*. 

16. From 12a-i" — 9aa;« — 4(i& + Ga^^^ — a 

toke 3a - (ja^^ + 12a»6" - 9ax« + 5a6. 

XXAMPLXS IK MULTIPUCATION. 

1. What is the simplest form of the product of 

a" X a». 

2. What is the simplest form of the product of 

2a3 X 7a9 X — 8a\ 

3. What is the simplest form of the product of 

a»6 X a'd X 10a X 6a» X — 1. 

4. What is the simplest form of the produd; of 

— a^ X —Sa^^ X/X 5a*H-7car. 

5. What is the simplest form of tke product of 

5aW X lOa^b^c X -- 8a'. 

6. What is the simplest form of the product cf 

- 7afi6V X 8a«&V X 76»<J X - 1. 

T. What is the simplest form of the product of 

a'^b'^cq X a'iV X a"6 X — a. 
d. What is the simplest form of the product of 

(a» - Sab - 5^2) X ^aH. 
9. What is the simplest form of the product of 
(2a»i» - 5aV 4- da^^<^) X 'M^bc\ 
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10» What is the simplest form of the product of « 
{UH + 2/3 - Zak^P + 7) X - 8A*/*. 

11. What is the simplest form of the product of 

{2^b' - cb^<P/+ 3c-) X - 2hchi. 

12. What is the simplest form of the product of 

(a— >&*H-s - ea— 3^ 4- abr) X a^^^'^\ 

18. What is the simplest form of the product <A 

(3P - 5kl + 2P) X (*» - 7kl). 

14. What is the simplest form of the product of 

(6/2 _ 17/1 + 2P) X (/* + 4/*/). 

15. What is the simplest form of the pr6du<r o# 

(4a2 - IQax + 3x2) x (5a3 - 2a^x). 

16. What is the simplest form of the pioJaO* of 

(a2 + a* + a«) X (a^ - 1). 

17. What is the simplest form of thf ^^loducf. ot 
(a4 _ 2a36 + 4a262 - SaP + V,b^) X (a + 2b) 

18 What is the simplest form of ulrj product of 
{2a<x^ - 36V) X f*^'^' + ^^V). 

19. What is the simplest f>in f / tlie product of 
(7a» - 5a26 + 6a6« - 26^ X (J** - ^^b + 16a'u^) 

20. What is the simplui* icrjn of the product of 

(a« - 3«*6» + 5a i^O >' C^®* - ^^^^^ + **)• 

SXAMFliCr. JK OIVI8I01).. 

1 DJylde a" by a\ 

2 i^lirije a» by a«". 

3 Divide 8ai« by 2a*. 

4 Divide ca • by ia^. \ 

V 
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6. Divido 6(a + hy by 3(a + by. 

6. Divide (a + «)a X (a + y)« by (a + a:) X (a 4 y)« 

7. Divide (ya^b^ - 15ay + 27a*6«, by 3a«. 

8. Divide ^c^ — c^x by 6 — «. 

9. Divide a^ + a^ft - ab^ - ft^ by a - 6. 

10. Divide 3a» + 16a*^ — 23a^^ 4. I4a^b^ by a« + 7aA. 

11. Divide a' — 6aW + 14a«i« - 12a*6» by a» - 2ft V. 

12. Divide a* — 2aW + b* by a« — b\ 

13. Divide - a^ft* + 15a"&» - 48a"*« - 20©"^' 
by 10a»6«-a«6. 

14. Divide cfi — IGaf* by a* — 2««. 

15. Divide 2a* — ISa^ + Sla^b^ - 28ab^ + fM^ 
by 2a» - 3a* + 4hK 

16. Divide 4c* — 96^ + 6bh — i* by 2c* — 3dc + *«. 

17. Divide - 1 + a^n^ by - 1 + an. 

18. Divide a« + 2aV -i- «« by a» — a? + ««. 

19. Divide J - 62* -|- 27«< by j + 2« + 3^». 

20. Divide a« — lOaV + 64a;« by a* — 4aa? + 4a:». 

21. Divide a^(P — 3a2crf3 + Sac^dl^ - e^(P + aV<^ - ac*<i» 
by a»<P — 2a«i* + c^cP 4 ac^c?. 

BZAMPLES IN RFDUCTIOK OF FRACTIOHB. 

1. Reduce to its simplest terms the fraction 

1 8ac/-6&(fc/-2 arf 
Sad/ 

2. Bcdace to its simplest terms the fraction 

8a2 ~ Ga& + 4c + 1 
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8. Reduce to its simplest terms the fraction 
12acfy -AaPff + 2fg^h 
\aWfg, 

4. Reduce to its simplest terms the fraction 
6-c ' 



ex 

5. Reduce a—h-\ to the form of a fractioa 

« — a 

6 — y 

6 Reduce x to the form of a fraction. 

ax-- c 



7. Reduce a + 6 + ^— y— to *he form of a fraction. 
a 



c ^ d ' 
8. Reduce x — ah » the form of a fraction. 



9. Reduce a uo the form of a fraction. 

10. Reduce Ca/^os+Oa/ —^ to the form of a fractioa 



11. Reduce 5««c — t r to the form of a fraction. 

fac 

12. Reduce to aa en lire, or mixed quantity, the fraction 

^ ^352 _ 10g2/-|- ^^hx 

13. Reduce tf entire, or mixed quantity, the fraction 
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14. Reduce to an entire, or mixed quantity, the fraction 

g^ — 2d^x + ab + ax^ — bx 
a — « 

15. Reduce the following fractions to a common denomi^ 
nator: viz. 

a — x b — c Aax — e 
^T^' f ' a--x ' 

16. Reduce the following fractions to a common dcaoml 
nator: viz. 

a a—x _ c 

and . 



3o« - 6' Zb 

17. Reduce the following fractions to a common denomi 
nator: viz. 

Aaf—x o — a; , 5ac 
7<r — c e y 

18. Reduce the following fractions to a common denomi^ 
nator: viz. 

^ax + b , 8ac — / 

— and — ; — ^. 

Sac — / 4mx 

19. Reduce the following fractions to a common denonu- 
lator: viz. 

a + X a — b _ c— rf 
and . 



a — «' a + X 

20. Reduce the following fractions to a common dene ml 
nator : viz. 

a + 6 — c c +f _ X — a 

i- and — ■ — . 

jp— a c a? 4 tt 



EXA1IPLE8 IN ADDITION AND SUBTRACTION. SS& 



JLDDTTION, SUBTRACTION, MULl IPLIOATlUN, AND DIYISIOH Ot 
FRACTIONS. 

1. What is the sum of , and e I 

z — a a — X 



2. What is the sum of — r — and y 1 

b a — c 

8. What is the sum of -j-, — -y-^, -:1 

a 3c — / 

- ^y, . , ^ ax — / ae -^ a 

4. What IS the sum of — --^, i, 5ay? 

e + a — X ^ 

Zax — > te 

6. What is the sum of 3a H , 2a ^ • 

« — a' a 4 ^ 

« 

^ -r^ « . 3a ^ , 6a — « 

6. From 8a + -r- take . 

a —X 

^ _ %x — ax ^ . _ 5ax 

T. From r take 3 • 

h c 

^ „ ax + Say ^ , Sax — a/ 

8. From — ^ — ^ take ^. 

OCX — ay ay 

aa A- d ^ 6a« — i 

9. From ay — take 3ay H --^ 

^ ax "^ 9 

16. From ^ take tab- - ^':^. 
Bx 8a — « 

36 , a — r 

11. Multiply 7a+- by ^j^-^. 

5a 5ajr — je' 

12 Multiply -—J by 3ay j^ 
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13 Multiply by 2a + 



3a + a; 



9a 



14 Multiply 3aa: + ^^^^^^ — - l)y 5 + -^. 
— y o 

.«»^,., r. .5 — 8a, 6a — 6 

15. Multiply 6a + -—^ by ^^ _ y . 



16. Divide 3ac — 2a<fc — / + -^ by 2a. 

17. Divide 4 + ^-3a<; + 7by^. 

a Ze a 

18. Divide 3a2-_-_^_+_^^ 

b;y 3a - 56 + ■^• 

19 Divide 2/»--^ + -f + —---+^ 
^ 2/ 3A . 



20. Diride - 

2* 
by --3 "'■^^' 



_5£^ 11^ _ 10^ 15y» 
9^3 3^4 ^-^y* 



KZAllPLES IK XQUATI0N8 OF THE FIRST DSORXE. 



1, Given •« 



a:-Jy+^ = 6J 



X -y 



+ 7« = 41 



to find X and y. 
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8. GiveD 



4 ^ 5 " ^ I tofindarandy 
i^-y+ 4Jy =121 J 



8, Given ax H h t («-/)= 5^ to find «. 

c — a * ^ "^ ' 

4. Given — 1 — = i, to find a?. 



6. Given « 



4 ' 5 c 



6a?- y + 



4 

8-2j? 



= 5 

= 43i 



»to find ar and y. 



6. Given 



7, Given ^ 



3._8^y-6^^^^3^ 



4 
8a?-3- 



5 

6-y 



= 79 






to find 
V and y. 



to find 
X and y. 



^^. a— a? a— 2*, i^cj 

6. Given -^ = h « = ^ to find a?. 

^^. 3a — 6a? 2a — 3aj. , ^*cj 

9. Given — r 1- a? — i = / to find z. 

c 

i dx — bv =r C ) ^ - 

10. Given -J / ^ f to find x and y. 

(a — y-t-aJ = »* 

n. Given ~- -f ^-TA + 4 (« - 3) = 68, to find «. 
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12. Given 



8-y+^'+i=8| 



> to find X, y "H «. 



( « + 2y + as = 14 ) 
1 3. Given <{« — y + e = 2 \ \o find x, v and i 
( 3ar + 6y + » = 18 ) ^ 



> to find «, y and c 



(\x-\y + \z = H 
'Lll , i±f _ 4 » 
4 ^ 5 ~ " 
2 4 

15. Given | ^f jJLI^^^ =%+431. J t^ find * and y 

16 Given H*+5)(y+7)=(*+l)(y-9)+112 ) to find 
10. uiven \2x+\(i=^y+\ f«andy 

17. Given j J^ y ^ I «» find « and y. 

18. Given |;^{:Jj = '4 '«fi'«^**°^y- 

( " _ & ) 
t !). Given •<4-|-y~3a + a;f to find « and y. 
I a« + 2 Jy = rf ) 

( id = cy — 26 ) 

80. Given \ ., , aie^ — V^) 24» , , Vtofindjeandu 

r^+ be -T + ^^^i 

3x + 5y = i?^^^l 
«•«' T •'y — ^2 -- /a 

1. Given ^ _ 26/*' r *^ ^^ * *^^ y« 



y — ar = 



6»— /*'• 



N 
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fa: + y + 2 = 29 J J 
a; -f y — 2? = 18J v to find a:, y and s. 
a: - y + ;. = 13J J 

13a; + 5y = 161 J 
7x + 22 = 209 V to find jj, y and f . 
2y + « = 89 ) 



M. Given ' 



h — = a 

ar y 

1 + 1 = * 

a; z 

1 ^ 1 

y « 



to find a;, y and ^ 



foa? + iy = c ^ 
dx + ey =/ > to find a?, y and v« 
yy + A2; = / ) 



XXAMPLE6 IN EQUATIONS 07 THE SECOND 0X0110 

1. Given x^ — 5|a? = 18 to find x. 

2. Given 3a:« — 2ar = 65 to find x. 

3. Given 622a; = 15a;2 + 6384 to find x. 

4. Given 1 1 Ja: - Sjar^ = — 41}, to find x. 
6. Given 9ja:2 - OOJa: + 195 = 0, to find x. 

6. Given 20748 - 1616a; + 21a;« = 0, to find x 

7. Given 9Ja;« — 90|a; + 195 =0, to find x. 

H Given ^^ + ^J^ + 4728 = 0, to find x. 
5 G5 
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9. Given «« — 8* = 14 to find x. 

10. Given 3ar* + « = 7 to find «. 

11. Given Uar-S^Ja^ = 20 to find «. 

12. Given 6« — 30 = S«» to find x. 

13. Given 8«* — 7ar + 34 = to find a?. 

14. Given 4a;» — 9« = 5a?» — 255| - Sx to find «. 

,e /^. ^/v . 3«* . 21« — 27782 .^^^i „ . 

15. Given 80* + — H r^ = 1859J — Zi^ 

16. Given —- = — — — -- + 1 to find «. 

6aj 1 17 — 2a? 

_ ^. 25* +180 40« 3 ^ . , 

17. Given --r — - = 5 — T <» ^^^^ * 

\0x — 81 5a: — 8 5 

,^ ^. 18 + * 20ar + 9 65 ^ . ^ 

18. Given ^75 r = t^ 77^ : to tmd « 

6(3 — af) 19 — 7a; 4(3 — x) 

'19. Given a?« — 7* -f- 3J = to find «. 

20. Given 4ar« — 9* = 5ar» — 255f - 8a? to find «. 

X 7 

21. Given ■ . ^ - = to find x. 

« + 60 3a? — 5 

40 27 

22. Given — ^ + — = 13 to find as. 

a? — 5 a? 

23. Given -^-6=1^ to find «. 

a? + 2 3a? 

W. Given --!i-=-i^^5 lofindx. 
a; 4- 3 a? + 10 



PROMISCUOUS PROBLEMS, 

«XyiN« BIBB TO 

EQUATIONS OF THS FIRST DEGREE. 

1. A person expended 30 cents for apples and pears, 
fpvifig one cent for four apples, and one cent for five pears : 
he then sold, at the prices he gave, half his apples and one- 
third his pears, for 13 cents. How many did he buy of 
each? 

2. A tailor cut 19 yards from each of three equal pieces 
of cloth, and 17 yards from another of the same length, 
and found that the four remnants were together equal to 142 
yards. How many yards in each piece ] 

3. A fortress is garrisoned by 2600 men, consisting of 
infantry, artillery, and cavalry. Now, there are nine times 
as many infantry, and three times as many artillery soldiers, 
as there are cavalry. How many are there of each corps ? 

4. All the joumeyings of an individual amounted to 2970 
miles. Of these he travelled 3^ times as many by water 
as on horseback, and 2^ times as many on foot as by water. 
IIow many miles did he travel in each way ? 

5. A sum of money was divided between two persons, 
A and B. A's share was to B's in the proportion of 5 to 3, 
and exceeded five ninths of the entire sum by 50. What 
was the share of each 1 

6. There are 52 pieces of money in each of two bags, out 
of wliicb A and U help tlioiuselve8. A takes twice as uiucb 
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%B B leaves, and B takes seven times as much as A leAves. 
[low much does each take 1 

7. Two persons, A and B, agree to purchase a house to- 
gether, worth $1200. Says A to B, give me two-thirds of 
your money and I can purchase it alone ; but, says B to A, 
if you give me three-fourths of jour money \ shall be able 
^ purchase it alone. How much had each % 

8. A &ther directs that $1170 shall be divided among 
ois three sons, in proportion to their ages. The oldest is 
twice as old as the youngest^ and the second is one-third older 
than the youngest How much was each to receive 1 

9. Three regiments are to furnish 594 men, and each to 
furnish in proportion to its strength. Now, the strength of 
the first is to the second as 3 to 5 ; and that of the second 
to the third as 8 to 7. How many must each furnish ? 

10. A grocer finds that if he mixes sherry and brandy in 
the proportion of 2 to 1, the mixture will be worth 78s, per 
dozen ; but if he mixes them in the proportion of 7 to 2, he 
can get 79«. a dosen. What is the price of each liquor per 
dozen? 

11. A person bought 7 books, the prioes of which were in 
arithmetical progression, (in shillings). The price of the one 
next above the cheapest, was 8 shillings, and the price of the 
dearest, 23 shillings. What was the price of eadi book ? 

12. A number consists of three digits, which are in arith- 
metical proportion. If the number be divided by the sum 
of the digits, the quotient will be 20 ; but if 198 be added 
to it, the order of the digits will be inverted. 

13. A person has three horses, and a saddle which is worth 
$220. If tlie saddle be put on the back of the first iKirse. it 
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will make his value equal to that of the second and tliird , 
if it be put on the back of the second, it will make his value 
double that of the first and third ; if it be put on the back 
of the third it will make his value triple that of the first 
and second. What is the value of each horse 1 

14. The crew of a ship consisted of her complement of 
•qUots, and a number of soldiers. There were 22 sailors t« 
every three guns, and 10 over ; also, the whole number of 
hands was five times the number of soldiers and guns to- 
gether. But afler an engagement, in which the slain were 
one-fourth of the survivors, there wanted 5 men to make 13 
men to every two guns. Required, the number of guns, 
soldiers, and sailors. 

15. Three persons have $96, which they wish to divide 
equally between them. In order to do this, A, who has the 
most, gives to B and C as much as they have already : then 
B divides with A and C in the same manner, that is, by 
giving to each as much as he had after A had divided with 
them : C then makes a division with A and B, when it is 
found that they all have equal sums. How much had each 
at first? 

16. To divide the number a into three such parts, that 
the first shall be to the second as m to a, and the second to 
the third as p to q, 

17. Five heirs. A, B, C, D and E, are to divide an inher- 
itance of 15600. B is to receive twice as much as A, and 
$200 more ; C three times as much as A, less |400 ; D the 
lialf of what B and C receive together, and 150 more ; and 
£ the fcurth part of what the four others get, plus $475, 
flow much did each receive 1 

18. A person has four casks, the second of which being 

13* 
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filled froDi the first, leaves the first four-sevenths full. Tli« 
third being filled from the second, leaves it one-fourth full, 
and when the third is emptied into the fourth, it is found to 
fill only nine-sixteenths of it. But the first will fill the third 
and fourth, and leave 15 quarts remaining* How lasuy 
quarts does each hold 1 

10. A courier having started from a place, is pursued hy 
la seoond after the lapse of 10 days. The first travels 4 
miles a day, the other 9. How niany days before the 
seoond will overtake the first 1 

20. If the first courier had left n days before the other, 
and made a miles a day, and the second courier had travelled 
h miles, how many days before the second would have over- 
taken the first 1 

21. A courier goes 31 1 miles every five hours, and is fol- 
lowed by another after he had been gone eight hours. The 
second travels 22} miles every three hours. How many 
hours before he will overtake the first ? 

22. Two places are eighty miles apart, and a person leaves 
one of them and travels towards the other, at the rate of 3} 
miles per hour. Eight hours after, a person departs from the 
second place, and travels at the rate of 5} miles per hour. 
How long before they will meet each other ? 

23. Three masons. A, B and G, are to build a wall. A 
and B together can do it in 12 days ; B and C in 20 days ; 
and A and C in 15 days. In what time can each do it alone, 
and in what time can they all do it if they work together t 

24. A laborer can do a certain work expressed by o^ in a , 
time expressed by 6 ; a second laborer, the work c in d time 
d ; a third, the woik e in a time/ It is required to nod the 
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tunc it would take the three laborers, working together, to 
perform the work g, 

25. Required to find three numbers with the following 
conditions. If 6 be added td the 1st and 2d, the sums are 
to one another as 2 to 3. If 5 be added to the Ist and 8d, 
the sums are as 7 to 11 ; but, if 36 be subtracted from the 
2d and 3d, the remainders will be as G to 7. 

26. The sum of $500 was put out at interest, in two 
separate sums, the smaller sum at two per cent, more than 
the other. The interest of the larger sum was afterwards 
Increased, and that of the smaller diminished bj one per 
cent. By this, die interest of the whole was augmented one- 
fourth. But if the interest of the greater sum had been so 
increased, without any diminution of the less, the interest of 
the whole would have been increased one-third. What were 
the sums, and what the rate per cent. ? ^ 

27. The ingredients of a loaf of bread weighing 15i&«., are 
rice, flour and water. The weight of the rice, augmented by 
&/&«., is two-tliirds the weight of the flour ; and the weight 
of the water is one-fifth the weight of the flour and rice 
together. Required, the weight of each. 

28. Several detachments of artillery divided a certain num- 
ber of cannon balls. The first took 72 and \ of the remain- 
der ; the next 144 and \ of the remainder ; the third 216 
and \ of the remainder ; the fourth 288 and \ of what was 
lefl ; and so on, until nothing remained ; when it was found 
that the balls were equally divided. Required, the numbei 
•)f balls and the number of detachmeuts. 

21). A banker has two kinds of money ; it takes a pieoe^ 



300 BLSMBNTART ALGCBRA B V P P LB ii BHV , 

of the first to make a crown, and b of the second to \Aak9 
the same sum. lie is offered a crown for c pieces. How 
many of each kind must he give 1 

30. Find what each of three persons, A, B and C b 
worth, knowing, 1st, that what A is worth, added to / times 
what B and C are worth, is equal to jp ; 2d, that what B is 
worth, added to m times what A and C are worth, is equal 
to 9 ; 3d, that what C is worth, added to n times what A 
and B are worth, is equal to n 

31. Find the values of the estates of six persons. A," B 
C, D, E and F, from the following conditi<ms. 1st. The suri 
of the values of the estates of A and B is equal to a ; that 
of C and D to b; and that of E and P to c. 2d. The 
estate of A is worth m times that of C ; the estate of D is 
worth n times that of E, and the estate of F is wotth p 
times that of B. 



PROMISCUOUS PROBLEMS, 

INVOLVING EQUATIONS OF THE SECOND DEGREE. 

1. Find three numbers, such, that the difference between 
the third and second shall exceed the difference between the 
second and first by 6 : that the sum of the numbers shall be 
33, and the sum of their squjares 467. 

2. It is required to find three numbers in geometrical 
progression, such that their sum shall be 14, and the sum of 
their squares 84. 

3. What two numbers are those, whose sum multiplied 
Dy the greater, gives 144, and whose difference multiplied 
by the less, gives 14 ? 

4. What two numbers are those, which are to each other 
as m to n, and the sum of whose squares is 6 1 

5. What two numbers are those, which are to each other 
«s m to n, and the difference of whose squares is 6 1 

6. A certain capital is out at 4 per cent interest If we 
multiply the number of dollars in the capital by the num- 
ber of dollars in the interest, for five months, we obtain 
II 17041}. What is the capital 1 

7. A person has three kinds of goods, which together cost 
|230/|. One pound of each article costs as many times ^ 
of a dollar as there are pounds of that article. Now, he lias 
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on&third more of the second kind than of the first, and ^ 
times more of the third than of the second. How mjiny 
pounds had he of each ? 

8. Required to find three numbers, such, that the product 
of the first and seccmd shall be equal to a ; the product of 
the first and third equal to b ; and the sum of the squares 
of the second and third equal to c. 

9. It is required to find three numbers, whose sum shall 
be 38, the sum of their squares 634, and the difference be- 
tween the second and first greater by 7 than the difiTerenca 
between the third and second. 

10. Find three numbers in geometrical progression, whose 
sum shall be 52, and the sum of the extremes to the mean, 
as 10 to 3. 

11. The sum of three numbers in geometrical progression 
is 13, and the product of the mean by the sum of the ex- 
tremes is 30. What are the numbers 1 

12. It is required to find three numbers, such, that the 
product of the first and second, added to the sum of their 
squares, shall be 37 ; and the product of the first and third, 
added to the sum of their squares, shall be 49 ; and the pro- 
duct of the second and third, added to the sum of theu 
squares, shall be 61. 

14. Find two numbers, such, that their difference, added 
to the difierence of their squares, shall be equal to 150, and 
whose sum, added to the sum of their squares, shall be equal 
to 330. 

15. It is required to find a number consisting of three 
digits, such, that the sum of the squares of the digits shall be 
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1J4 ; the square of the middle digit to exceed t\(rLce the 
product of the other two by 4 ; and if 594 be subtracted 
from the number, the three digits become inverted. 

16. The sum of two numbers and the sum of their squares 
being given, to find the numbers. 

17. The sum, and the sum of the cubes, of two numbers 
being given, to find the numbers. 

18. To find three numbers in arithmetical progression 
such, that their sum shall be equal to 18, and the product 
of the two extremes added to 25 shall be equal to the square 
of the mean. 

19. Having given the sum, and the sum of the fourth 
powers of two numbers ; to find the numbers. 

20. To find three numbers in arithmetical progression, 
such, that the sum of their squares shall be equal to 1232, 
and the square of the mean greater than the product of the 
«,wo extremes, by 16. 

21. To find two numbers whose sum is 80, and such, that 
if they be divided alternately by each other, the sum of the 
quotients shall be 3^. 

22. To find two numbers whose difference shall be 1 0, 
and if 600 be divided by each of them, the difference of the 
quotients shall also be 10. 
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